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Abstract

Background and Objectives: One interesting part of number theory is Diophantine analysis, which is the study of
integer solutions to equations. Diophantine analysis investigates to answer whether a certain Diophantine equation
is unsolvable, or solvable with the unique integer solution, finitely many integer solutions or infinitely many integer
solutions. The Diophantine equations come in many forms. One form that has received attention is the exponential
Diophantine equation of the form a* + bY = z2, where a, b are fixed positive integers and x, Y, Z are non-
negative integer variables. To find the non-negative integer solutions of the Diophantine equation, the Catalan’s
conjecture plays an important role. This Conjecture stated that (a, b, x, z) = (3, 2, 2, 3) is the unique non-negative
integer solution of the Diophantine equation a* — bY = 1, when a, b, x and z are non-negative integers such that
min{a, b, x, y} > 1, which remained unproven for over 150 years until it was proved by Mihailescu in 2004. Over
the past decade, the Diophantine equation of the form p* + (p + n)Y = z2, where n is a fixed positive integer,
pis a prime and X, y, Z are non-negative integers, has received considerable attention of many mathematicians in
the study and search for solutions. In this paper, we solve the Diophantine equation for the case n = 7, which has
never been studied before.

Methodology: The research and solutions presented here utilize mathematical proofs and fundamental concepts of
number theory, such as prime numbers, congruences, and Legendre symbol. Here, some properties of prime
number are applied to prove the theorems, such as: Let p be a prime number with p & {2,7}. If the Diophantine
equation p* + (p + 7)Y = z? has a non-negative integer solution (x, y, z) and y is even, then 2(p + 7)¥/% =
p* — 1. This will be useful to prove our main results. For the congruent method and Legendre symbol, we often
use them in proofs to find contradictions.

Main Results: In this article, by using elementary methods, the Diophantine equation p* + (p + 7)¥ = z2, where
p is a prime number and X, y, Z are non-negative integers, is investigated. The research results found that if
p = 2, then the Diophantine equation has exactly two non-negative integer solutions. The solutions (x,y, z) are
(3,0,3) and (4,1,5). Unfortunately, we are not yet able to find all non-negative integer solutions of the

Diophantine equation for the case p = 3, but we can show the explicit non-negative integer solutions of the
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Diophantine equation under the given conditions. If p = 3 and y = 0 (mod 4), then the Diophantine equation has
the unique non-negative integer solution. The solution (x,y, z) is (1,0, 2). For the case p = 5, we prove that the
Diophantine equation has a unique non-negative integer solution, (x,y,z) = (2,2,13). For the case p = 7, we
prove that the Diophantine equation has the unique non-negative integer solution, whichis (x,y, z) = (4,5, 735).
Forthe case p = 5,11,13,43,45,51 (mod 56), if the Diophantine equation has a non-negative integer solution
(x,y,2), then there exists a non-negative integer t such thaty = 2t and 2(p + 7)* = p* — 1. Moreover, we
present some conditions for non-existence of the non-negative integer solutions to the Diophantine equation,
namely, (1) if p = 15 (mod 28), then the Diophantine equation has no non-negative integer solution. (2) if
p =5,11,13,43,45,51 (mod 56) and there exists a positive integer n > 1 such that n is not power of 2 and
p = 1 (mod n), then the Diophantine equation has also no non-negative integer solution.

Conclusions: By using elementary properties of prime numbers, congruences, and Legendre symbol, we present
explicit non-negative integer solutions (x, y, z) of the Diophantine equation p* + (p + 7)¥ = z2 for some prime
number p. Note that p + 7 doesn’t necessarily have to be a prime number. Moreover, we show some conditions of
non-existence of non-negative integer solutions to the Diophantine equation. In order to prove our main results,
Mihailescu’s theorem was also applied. This method can be applied to find non-negative integer solutions to similar
Diophantine equations. Furthermore, it was found that there are some cases that remain unanswered, such as: case
p = 1 (mod 8), which is an interesting open problem for further study and research.

Keywords: Diophantine equation; non-negative integer solution; prime number; congruence; Legendre symbol
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Introduction

Diophantine equations of the form p* + (p + n)¥ = z2, where n is a fixed positive integer, p is a prime
number, and X, y,Z are non-negative integers, have garnered considerable interest due to their elementary
mathematical properties. For examples, Burshtein (2018) analyzed the Diophantine equation p* + (p +4)Y =
z2, where p > 3 and p + 4 are prime numbers and concluded that the Diophantine equation has no positive
integer solution. In the same year, Gupta et al. (2018) proved that the Diophantine equation p* + (p + 6)¥ = z2,
where p and p + 6 are prime numbers with p = 1(mod 6), has no non-negative integer solution. Oliveira (2018)
found that the Diophantine equation p* + (p + 8)¥ = z2, where p > 3 and p + 8 are prime numbers, has no
positive integer solution. In 2019, Kumar et al. (2019) proved that the Diophantine equation p* + (p + 12)Y =

z?%, where p and p + 12 are prime numbers with p = 1(mod 6), has no non-negative integer solution.
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Subsequently, Dokchan & Pakapongpun (2021) established that the Diophantine equation p* + (p + 20)Y = z2,
where p and p + 20 are prime numbers, has no positive integer solution.

In 2022, Tadee (2022a) proved that if x is even, then the Diophantine equation p* + (p + 10)Y = z2,
where p and p + 10 are prime numbers, has no non-negative integer solution. If y is even, then the Diophantine
equation has exactly two non-negative integer solutions (p,x,y,z) € {(3,1,0,2),(3,3,2,14)}. Moreover,
Tadee (2022b) founded some conditions for non-existence of the non-negative integer solutions of the Diophantine
equation p* + (p + 14)¥ = z2, where p and p + 14 are prime numbers. In the same year, Pandichelvi & Vanaja
(2022) studied the Diophantine equation p* + (p + 2)¥ = z?%, where p is a prime number with p = 1(mod 4)
and the sum of the exponents x and y is 1,2 and 3.

In 2023, Mina & Bacani (2023) proved that the Diophantine equation p* + (p + 5)¥ = z2, where p is
a prime number, has the unique positive integer solution (p, x,y,z) = (5, 3,2, 15) whenever x Z 1(mod 12).
Orosram (2023) studied the Diophantine equation (p + n)* + p¥ = z2, where p and p + n are prime numbers
and n is a positive integer with n = 0(mod 4). Vesarachasart et al. (2023) showed that the Diophantine equation
p* + (p + 12)Y = z2%, where p # 11 and p + 12 are prime numbers, has no solution in positive integers x, y
and z. Furthermore, in 2024, Wannaphan & Tadee (2024) studied the Diophantine equation p* + (p + 1)¥ = z?,
where p is a prime number. Some research results showed that if p > 3 and y is even, then the equation has no
non-negative integer solution. For p = 5, the equation has the unique non-negative integer solution, namely,
(x,v,2) = (4,3,29). Recently, Jaimano et al. (2025) studied the Diophantine equation p* + (p + 30)¥ = z2,
where p is a prime number, and found that if p = 29, then the equation has the unique non-negative integer
solution (x,v,z) = (2,1,30), where y is not a multiple of 292,

Motivated by the papers mentioned above, we investigate the non-negative integer solutions (x, y, z) of

the Diophantine equation p* + (p + 7)Y = z2, where p is a prime number with some conditions.

Methodology

In the beginning of this section, we recall the Definitions of the quadratic residue and the Legendre symbol
and we give its properties.
Definition 1. Let p be an odd prime number and let a be an integer with gcd(a, p) = 1. If the congruence z? =
a (mod p) has an integer solution, then a is said to be a quadratic residue of p . Otherwise, a is called a quadratic
nonresidue of p.
Definition 2. Let p be an odd prime number and let a be an integer such that gcd(a, p) = 1. The Legendre symbol
(a/p) is defined by
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1 if aisa quadraticresidue of p
(a/p) =7 . ... : .
1 if a is a quadratic nonresidue of p.

Theorem 1. (Burton, 2010) Let p be an odd prime number and let a, b be integers that are relatively prime to p .

Then, the Legendre symbol has the following properties:
(a) Ifa = b(mod p), then (a/p) = (b/p).
(b) (a?/p) = 1.
(©) (a/p) = a®?"Y/2(mod p).
(d) (ab/p) = (a/p)(b/p).
(&) (1/p) = Land (—=1/p) = (~1)P~V/2
Theorem 2. (Burton, 2010) If p is an odd prime number, then
_( 1ifp=1,7(mod8)
2/p) = {—1 ifp = 3,5 (mod 8).
Theorem 3. (Burton, 2010) If p # 3 is an odd prime number, then
_ 1 ifp=1,11 (mod 12)
(/p) _{ —1 ifp = 5,7 (mod 12).
Theorem 4. (Mina & Bacani, 2023) If p # 5 is an odd prime number, then
(5/p) = { 1 ifp=1,9,11,19 (mod 20)
/P) =11 ifp =3,7,13,17 (mod 20).
Theorem 5. (Mina & Bacani, 2022) If p # 7 is an odd prime number, then
7/p) = { 1 ifp=1,3,9,19,25,27(mod 28)
P)=1 —1ifp=5,11,13,15,17,23 (mod 28).
Next, we present some theorems about the Diophantine equations, which we need throughout this paper.

Theorem 6. (Mihailescu’s theorem) (Mihailescu, 2004) The Diophantine equation a®* — bY = 1, where a, b, x and
y are integers with min{a, b, x, y} > 1, has the unique integer solution (a, b, x,y) = (3,2, 2,3).
Theorem 7. (Samaapat et al., 2025) Let x, ¥, Z be non-negative integers and let n be a positive integer withn =
2 (mod 3). Then all solutions of the Diophantine equation 3* + n¥ = z2 are
(nx,y,2) €{(2,0,3,3),(n,1,0,2),(2,2,4,5),(11,5,4,122)} U {(n,0,1,Vn + 1):Vn + 1 € Z}.

Theorem 8. (Nilsrakoo et al., 2026) The Diophantine equation p* + (2p)Y = z? has non-negative integer solutions
(x,y,z) with x < y if and only if p is a Mersenne prime. Moreover, all non-negative integer solutions (p, X, y, Z)
with x < y are

(p.%,y,2) €{(3,2,3,15), (29 - 1,q + 1,q +2, (29 — 1)@ V/2(20+1 — 1))},
where 29 — 1 is a Mersenne prime with g is an odd prime number. In particular, for a fixed Mersenne prime p, the

equation has the unique non-negative integer solution (x, y, z) with x < y.
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Theorem 9. (Nilsrakoo et al., 2026) The Diophantine equation p* + (2p)Y = z? has non-negative integer solutions
(x,y,2) with x > y if and only if p = 2 or p is a Fermat prime. Moreover, all non-negative integer solutions
(p,x,y,z) withx >y are

(p,x,y,z) = (2,2a+3,a,3-29),

where « is a positive integer and

n n 2n— n
(nmy@E{QﬁAAa(ﬁ +1,2M1—1,2m1 -2 (22" +1) 1@2*+1»}

where 22" + 1 is a Fermat prime with n € Ny. In particular, for a fixed Fermat prime p > 3, the equation has the
unique non-negative integer solution (x, v, Z) with x > y.
Theorem 10. (Leu & Li, 2003) The Diophantine equation 2x? 4+ 1 = 3™ has exactly three positive rational integral
solutions, namely, (x,n) = (1,1),(2,2) and (11,5).

Additionally, we prove the following lemma, which we will use to prove the main theorems.
Lemma 11. Let p be a prime numberwith p & {2, 7}. If the Diophantine equation p* + (p + 7)¥ = z? hasanon-
negative integer solution (x,y,z) and y is even, then 2(p + 7)¥/? = p* — 1.
Proof. Let x,y and z be non-negative integers such that p* + (p + 7)Y = z2 and y = 2t for some non-
negative integer t. Then (z — (p + 7)) (z + (p + 7)) = p*. Since p is a prime number, there exists a non-
negative integer u such that z— (p +7)! =p%* and z+ (p + 7)t = p* . It implies that 2(p + 7)¢ =
p¥(p*~?% — 1). Assume thatu > 0. Then p|2(p + 7). This implies that p = 2 or p = 7, which is impossible
since p & {2,7}. Thus, we get u = 0. The equation becomes 2(p + 7)t = p* — 1 or equivalently, 2(p +
7)Y/%2 = p* — 1.

Results

In this section, we present our results.
Theorem 12. The Diophantine equation 2¥ + 9Y = z2 has only two non-negative integer solutions, namely,
(x,v,2) €{(3,0,3),(4,1,5)}
Proof. Let x,y and z be non-negative integers such that 2¥ + 9Y = z2 or 2% + 32Y = z2. By Theorem 7, we get
(x,v,2z) €{(3,0,3),(4,1,5)}.

For the case p = 3, we cannot find the complete solutions yet, but we can show all non-negative integer
solutions under the following condition.
Theorem 13. If y = 0 (mod 4), then the Diophantine equation 3* + 10¥ = z2 has the unique non-negative

integer solution, namely, (x,y,z) = (1,0, 2).
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Proof. Let x,y and z be non-negative integers such that 3* + 10Y = z2 and y = 4t for some non-negative
integer t. Then 3% 4+ 10228 = 22 Applying Lemma 11, we obtain 2(10)3! = 3* — 1 or 2(10%)% + 1 = 3*.
By Theorem 10, we get x = 0 ort = 0. Assume that x = 0. Then, we have 2(10%)? = 0, which is impossible.
Thus t = 0. Itimplies that 3 = 3% and so x = 1. Hence, the solution is (x,y,z) = (1,0, 2).

Theorem 14. Let p be a prime number with p = 5,11,13,43,45,51 (mod 56). If the Diophantine equation
p* + (p + 7)Y = z?% has a non-negative integer solution (x,y, z), then there exists a non-negative integer t
suchthaty = 2t and 2(p + 7)t = p* — 1.

Proof. Let x,y and z be non-negative integers such that p* + (p + 7)Y = z2. Sincep = 5,11,13,43,45,51
(mod 56), we getp = 3,5 (mod 8) andp = 5,11,13,15,17,23 (mod 28). Assume that x = 0. Therefore
1+(@+7)Y =z%0rz%> —(p+ 7)Y = 1. Iteasy to check that z > 1 and y > 0. By Theorem 6, the equation
has no solution for y > 1. Then y = 1 and so z2 = p + 8. It follows that z2 = 8 (mod p). Then (8/p) = 1. By
Theorem 1, (22/p)(2/p) = 1 and so (2/p) = 1. By Theorem 2, we have p = 1,7 (mod 8), a contradiction
since p = 3,5 (mod 8). Thus, we obtain x > 1. Itimpliesthat z2 = p* + (p + 7)Y = 7Y (mod p) . Then, we
have (7Y /p) = 1. By Theorem 1, we get (7/p)¥ = 1. Sincep = 5,11,13,15,17,23 (mod 28) and Theorem
5, itimplies that (—1)¥ = 1. Then, y is even. There exists a non-negative integer t such that y = 2t. By Lemma
11, weget2(p + 7))t = p* — 1.

Theorem 15. The Diophantine equation 5% + 12Y = z2 has the unigue non-negative integer solution, namely,
(x,y,2z) =(2,2,13).

Proof. Let x,y and z be non-negative integers such that 5% + 12Y = z2. By Theorem 14, there exists a non-
negative integer t such thaty = 2t and 2 12¢ = 5% — 1. It is easy to check thatt > 0. Assume that t > 2.
Then2+ 12t = 0 (mod 9) and so 5% — 1 = 0 (mod 9). It implies that x = 6k, for some non-negative integer
k.Then2-12t = (53k - 1)(53k +1). Since 53 = (—1)¥ (mod 7), we have 7|(53k - 1)(53k + 1).Then,
we obtain that 7|2 - 12, a contradiction. Therefore, we have t = 1. Itfollows that 5* = 25 and so x = 2. Hence,
the solution is (x,y,z) = (2,2,13).

Theorem 16. The Diophantine equation 7% + 14Y = z? has the unigue non-negative integer solution, namely,
(x,y,2z) = (4,5,735).

Proof. Let X,y and z be non-negative integers such that 7* + 14 = z%. Assume that x = Yy . Then, we have
7%(1+ 2%) = z%. Since 1+ 2* =2,3,5(mod 7), we have gcd(7%,1 + 2*) = 1. There exist two non-
negative integers u and v such that 7% = u? and 1 + 2*¥ = v2. Then v? — 2* = 1. It easy to check that v > 1

and x > 1. By Theorem 6, we getv = 3 and x = 3. Then 73 = u?, a contradiction. Thus, x # y. Ifx<y,
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then (x,y,z) = (4,5,735) is the unique non-negative integer solution to the Diophantine equation by Theorem
8. If x >y, then the Diophantine equation has no non-negative integer solution by Theorem 9.
Theorem 17. Let p # 7 be a prime number. If there exists a positive integer n > 1 such that n is not power of 2
andp = 1 (mod n), then the Diophantine equation p* + (p + 7)?¥ = z?2 has no non-negative integer solution.
Proof. Letn > 1 be a positive integer such that n is not power of 2 and p = 1 (mod n). Assume that there exist
non-negative integers X,y and z such that p* + (p + 7)%Y = z2. By Lemma 11, we get 2(p + 7)Y = p* — 1.
Since p = 1(mod n), it implies that 2(p + 7)t = 2 (8)t = 23t*1 (mod n) and p* — 1 = 0 (mod n). Then,
we have 231 = 0 (modn) andson = 2% for some positive integer k, a contradiction. Hence, the Diophantine
equation p* + (p + 7)%¥ = z2 has no non-negative integer solution.

By Theorem 14 and 17, we have the following theorem.
Theorem 18. Let p be a prime number with p = 5,11, 13,43,45,51 (mod 56). If there exists a positive integer
n > 1 such thatn is not power of 2 and p = 1 (mod n), then the Diophantine equation p* + (p + 7)Y = z2
has no non-negative integer solution.
Corollary 19. The Diophantine equation 11*¥ + 18 = z2 has no non-negative integer solution.
Corollary 20. The Diophantine equation 13¥ + 20 = z2 has no non-negative integer solution.
Theorem 21. Let p be a prime numberwith p = 15 (mod 28). Then the Diophantine equation p* + (p + 7)Y =
z2 has no non-negative integer solution.
Proof. Assume that there exist non-negative integer solutions x,y and z such that p* + (p + 7)Y = z2. Since
p = 15 (mod 28), we have p = 3 (mod 4) and p = 1(mod 7). Now, we consider the following cases:
Case 1.x = 0. It implies that 1 + (p + 7)Y = z2 or z2 — (p + 7)Y = 1. Then, we have z > 1. Suppose that
y = 0. It follows that z2 = 2, which is impossible. By Theorem 6, we gety = 1. Therefore z2 = p + 8 . Since
p = 3 (mod 4), we get z2 = 3 (mod 4). This is impossible since z? = 0,1 (mod 4).
Case 2. x = 1. It implies that p* + (p + 7)Y = 7Y (mod p) . Then, we have z2 = 7Y (mod p). Therefore
(7Y /p) = 1. By Theorem 1, (7Y /p) = (7/p)? and so (7/p)?Y = 1. Since p = 15 (mod 28) and Theorem 5,
it implies that y is even. Then, there exists a non-negative integer t such that y = 2t. Thus, the equation becomes
p* + (p + 7)?* = z2. This is impossible since p = 1(mod 7) and Theorem 17.
Corollary 22. The Diophantine equation 43* + 507 = z? has no non-negative integer solution.
Corollary 23. The Diophantine equation 71* 4+ 78 = z2 has no non-negative integer solution.
Corollary 24. The Diophantine equation 127% + 134Y = z2 has no non-negative integer solution.

Corollary 25. The Diophantine equation 211% + 218 = z2 has no non-negative integer solution.
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Discussion

In this research, we solve the Diophantine equation p* + (p + 7)¥ = z2, where p is a prime number that
has not been studied before, as presented in the introduction. We use only basic concepts of number theory, such
as: prime number congruence, quadratic residue and Legendre symbol. By proving several theorems, we can find
all non-negative integer solutions to the equations for some prime numbers and discover the conditions under which
the equations are unsolvable. However, there are still some cases for which we cannot find solutions, for example:

p = 1 (mod 8), making further study and research interesting.

Conclusions

By using the congruent method and properties of the Legendre symbol, we investigate the non-negative
integer solutions (x,y, z) of the Diophantine equation p* + (p + 7)Y = z2, where p is a prime number under
some conditions. We prove that for case p = 2, the equation has only two non-negative integer solutions, namely,
(x,v,2) €{(3,0,3),(4,1,5)}. If p = 3 and y = 0 (mod 4), then the equation has the unique non-negative
integer solution, namely (x,y,z) = (1,0,2). If p = 5, then the equation has the unique non-negative integer
solution, namely (x,y,z) = (2,2,13). If p = 7, then the equation has the unique non-negative integer solution,
namely, (x,v,z) = (4,5,735). Finally, we present some conditions of non-existence of solutions to the equation,
ie., (1) p=15(mod28)and (2) p=5,11,13,43,45,51 (mod 56) and there exists a positive integer

n > 1 such that n is not power of 2 and p = 1 (mod n).
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