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Abstract
Background and Objectives : Atomic formulas, mathematical expressions used in a theory of classical logic, are
combined from terms and relation symbols.
Methodology : Based on a mapping with an invariant set on a finite set {1, ..., n} for a positive integer 1. Atomic
formulas generated by such mapping and some concrete examples are presented. By applying a superposition
operation R™, we show that the algebra of atomic formulas generated by a mapping with an invariant set

satisfying some axioms is formed.
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Main Results : The monoid of full hypersubstitutions for algebraic systems of some types defined on the set of
atomic formulas generated by a mapping with an invariant set is proved. Two algebras of such formulas with respect
to a superposition R™ and a binary operation o, which are tools to study a theory of hyperidentities are constructed.
Conclusions : Atomic formulas generated by mappings with an invariant set are given. Algebras of these
formulas satisfty the superassociative law.

Keywords : formula ; a mapping with an invariant set ; operation ; monoid
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Introduction

It is well-known that formulas, which are algebraic expressions, always play a key role in logic and
algebraic systems. Normally, by algebraic systems we mean a triple consisting of a nonempty set A, operations
defined on A, and relations on A. A partially ordered semigroup is a basic example of algebraic systems. To explain
algebraic properties of algebraic systems, one needs formulas. For example, on the set of real numbers R, an
expression 3x[x + 1 = 3] is true because there is a real number 2 substituting in an equation x + 1 = 3,
which implies that this equation holds. In this matter, 3x[x + 1 = 3] can be viewed as a formula in this aspect.
By the definition, let T be a type of operation symbols and T bea type of relation symbols. Recall from (Denecke,
2019) that a formula of type (T, T') is defined by the following steps:

1. An equation S = t is a formula of type (T, T') if both S and T are terms of type T.

2. 1ftq, ..., tn]. are terms of type T and )/ is an T1;-relation symbol, then y; (tq, o) tn].) is a formula of
type (T, 7").

3. If F is a formula of type (T, 7"), then =F is a formula of type (T, T").

4.1f F; and F, are formulas of type (T, T"), then F; V F, is a formula of type (T, T").

5. If F is a formula of type (T, T") and X; is a variable form an alphabet X, then 3x;[F] is a formula of
type (7, T').

The symbol F (1) (W, (X)) denotes the set of all formulas of type (T, T'). Actually, the formulas in the
form 1. or 2. is said to be atomic. For more information and backgrounds about formulas and atomic formulas, see

the papers (Joomwong & Phusanga, 2021; Kumduang & Leeratanavalee, 2021; Kumduang & Sriwongsa, 2023).
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Let us consider some examples. On the set F (3 2) (W(2) (X)) of formulas constructed from terms of type
(2) with a ternary operation symbol f a binary relation symbol ¥ and logical connectives, the following formulas
belong to that set:

x5 = f(xs,X5,X5),¥ (xl»f(XS»xs’xs)); = (f (g, xq,%2) = x1), (X1 = x1) VY (%1, %4).
However, the following formulas do not belong to that set: X1 = f (X3, x5), ¥ (xq, f (x5, X5, X5), X2).

Kumduang and Leeratanavalee defined full formulas by applying the concept of full terms, terms constructed
from a full transformation on a finite set 1 = {1, . n}. See (Kumduang & Leeratanavalee, 2021). In fact, full
terms and full formulas always play a central role in the theory of hyperidentities and solid varieties of algebras since
these tools are ranges of mappings aiming to replace variables in identities by complicated steps.

We now recall the definition of a semigroup of transformations with an invariant set introduced in (Honyam, &
Sanwong, 2011). For a fixed nonempty subset Y of a set X, the set S(X,Y) ={a: X > X | Ya S Y } whose
elements are called transformations with an invariant set equipped with the usual composition of functions is a
semigroup. For more details, we refer to (Sarkar & Singh 2022). Applying this structure, a particular class of full terms
was given. In 2022, the concept of full terms with an invariant set was introduced in (Phuapong & Pookpienlert,
2022). Actually, an n-ary S(ﬁ, Y)—full term of type T, is inductively defined in the following setting:

1. [i(Xa(1)s oo r Xa(ny) is an n-ary S(n, Y)-full term of type T, where & € S(n,Y),

2.1fty, ..., ty are n-ary S(n, Y)-full terms of type T, then f;(tq, ..., t,,) is an n-ary S(n, Y)-full term of
type Tp.

3. The set VVT‘Z(E’Y)(XH) of all n-ary S(m,Y) -full terms of type T, is the smallest set containing
fi(ta(1), - ta(n)) and is closed under finite application of 2.

For example, let T3 = (3, 3, 3) be a type with three ternary operation symbols @),X],®. For a fixed

5(3,{1,3})

33.3) (X3) because

subsetY = {1,3} of 3, we have @ (x4, %2, x3),X (x1,x3,%,) € VV(

1 2 31 2 3 = L e
(1 2 3),(1 3 1)E5(3,{1,3}).Ontheotherhand,|t|s not difficult to see that

s(3{1,3}) 1 2 3 1 2 3
R (x5, x1,%1),© (x3,%5,%,) & VV(3’3’3) (X3) because (2 1 1) and (2 5 2) do not belong to

the set S(§, {1,3}). Other classes of full terms can be found, for instance, in the paper (Kumduang, 2023A;
Wattanatripop & Changphas, 2019).
The superposition operation S™ on the set VVTi(n'Y) (X,,) of all n-ary S(n, Y)-full terms of type T,, was

mentioned in the paper (Phuapong & Pookpienlert, 2022; Wattanatripop & Changphas, 2021). In fact, it is a mapping
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sn. WS(H,Y) (Xn)n+1 N mfl(ﬁ,Y) X,)

Tn

defined by

1. Sn(f,-(xa(l)' ,xa(n)), S1) e Sn) = fi(sa(l)' ) Sa(n))r
2. S™M(fi(t1, e tn), S1, o) Sp) = fl-(S"(tl,sl, vy Sp)y ey S™(ty, 51, ...,sn)).

It was mentioned in (Kumduang, 2023B) that the operation S™ defined on VVTi(n’Y)(

X,,) satisfies the following
identity:

S™(S™(t, S1, ey Sn)y Uy e, Un) = S™(E,S™(S1, U, o, U, o, ST(Spy Upy ey Un)).
This equation also known as the superassociative law since it generalizes an associative law, meaning thatifn = 1,
the superassociative law is reduced to an associative law. The algebras satisfy the superassociative law have been
investigated in many works, for example, see (Denecke & Hounnon, 2021; Dudek & Trokhimenko, 2021; Kumduang
& Sriwongsa, 2023; Phuapong & Kumduang, 2021).

For continuation of the current work in this line, this paper aims to introduce a subclass of atomic formulas
by using full terms with an invariant set and relation symbols. We also apply the superposition R™ given in
(Kumduang & Leeratanavalee, 2021) to such atomic formulas. Furthermore, we also continue our investigation with
describing full hypersubsitutions for algebraic systems of some types whose ranges are the union between the set
of full terms with an invariant subset and the set of atomic formulas induced by full terms with an invariant set. The
semigroup of these full hypersubstitutions under the binary associative operation is proved. Some concluding

remarks and suggestions for future works are collected in the last section.

Methods

This section starts with the definition of atomic formulas generated by mappings with an invariant subset.
Definition 1 Let n and m be fixed positive integers. An atomic formula generated by full terms with an invariant set
of type (Ty, Try) is defined in the following way:

1. An equation § = t is an atomic formula generated by full terms with an invariant set of type (T, Trn)
if both S and € be full terms with an invariant set of type T,.

2.1f tq, ..., Uy are terms of type T, and ¥ is an m-ary relation symbol, then ¥ (tq, .-, ty) is an atomic

formula generated by full terms with an invariant set of type (‘L’n, ’L';n)
s@Y)
(Tnﬂ';n)

(T, Tyy) is the smallest set which is closed under finite application of 2.

3.The set F (X,,) of all atomic formulas generated by full terms with an invariant set of type
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Some concrete examples of atomic formulas generated by full terms with an invariant set are now given.
Example 2 Let (T3, T3) be a type of algebraic systems where T3 = (3,3) with two ternary operation symbols f
and g and T = (2) with a binary relation symbol V. If we now fix a subset ¥ = {1,3} € 3, then the following
are some examples of atomic formulas generated by full terms with an invariant set Y of type (T3, Té) in the set

5(3 {1,3}) ¥
(X3):
(T3'T2)
f(x1,x2,%3) = g(x3,%3,%3), (X1, X1, 1) = f(x3, %2, %1), V(g(x3,x3,x3), f(xq, x4, x1))
1 2 3\y¢1 2 3\y¢1 2 3y (1 2 3 =
because( ),( ),( ) ( ) € 5(3,{1,3}).
1 2 3/’\3 3 3/’\1 1 1/°\3 2 1
s(3, {1 3})
G0 4,y
3,72

f(x2, %2, %) = f(x3,%3,%3), 9(x1, X3, %2) = g(x3,%1,%3), V(g(x3,x2,x1), f(xz'xs'xﬂ)
1 2 3 1 2 3 1 2 3 1 2 3 =
because(z 2 2)’(1 3 2)’(3 1 2)'(2 3 1)“(3'{1'3})'

Let 8 be a transformation with an invariant subset Y on a set 1. For each full term t with an invariant

However, the following are not elements in the set F

subset and atomic formula F with an invariant subset, we inductively define a full term t[; and an atomic formula

Fg arising from J by the following steps.

118 = £ (Xaa)s 0 Xa)) e tg = £ (3p ey~ ¥
2.1t = fi(ty, o, tn).then tg = £,((¢) g s (t1)5).
3.fF =s = t,thenFﬁ = S[g =~ tﬁ,
4.0 F = yj(ty, ., ty) then Fp = yj((tl)ﬁ, (tm)ﬁ).
Now we extend the definition of the superposition S™ defined on the set of full terms with an invariant
subset to the set of all atomic formulas generated by full terms with an invariant set of type (Ty,, Tp)-
Definition 3 The superposition R™: FIY) X, X I/VTS(E'Y)(Xn)n+1 - gy (X,,) where n is a positive
(Tnﬂ'm) n (‘L’n,‘L’m)
integer is defined by the characteristic of atomic formulas generated by full terms with an invariant set as follows:
1.R*"(s = t, s, ..., 5,) = S"(s,51, ., 5,) = S™(t, 51, ., 5p).
2. R™ (yj(tl, v tm), S1, ...,sn) = (S (€1, 51) s Sy ooes Sy S1) w01 Sn)).
To illustrate the process of computation of atomic formulas generated by full terms with an invariant set by
the superposition R™, let us consider the following example.
Example 4 Let (T3,T2) be a type of algebraic systems with one ternary operation symbol f and one relation

symbol V. We also consider full terms $; = f (X1, X5, X3), S, = f (%1, X3, %x3), 53 = f (x5, x3,X5) in the set
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5(3.2,3}) .
VV(3) (X3) and atomic formulas f(xz,x3, X3) =~ f(xl, xz, xZ) and V(f(xl, xZ, X3),f(x3, x3,x3))
S(3,{2,3
in the set T(T( T{ ) ) (X3). Then we have that

1. R3(f (x2, x3,%3) = f(X1,X2,%2),51,52,53) = [(S3,53,83) = f(S1,S2,S2), which is equal to
f(f(xpxz,xz);f(xzyx3,x2),f(x2,x3,x2)) ~ f(f(xpxz,xs)'f(xpxz'xz);f(xpxz:xz))-
2. R3(V(f(xl,x2,X3),f(X3,X3,X3)),51,SZ,S3) = V(f(sl,52,53),f(53,53,53)), which is equal to

V(f(f(xlyxZ»xﬂ:f(xl»xz»xz),f(xz»x3’xz))»f(f(xz,xs,xz)'f(xz,xs'xz).f(lexslxz)))-

Results
We begin our results of the paper with construction of the algebra of atomic formulas generated by full

terms with an invariant set.

S(n Y)

From the previous section, the set T(
Tl' m

)(Xn) of all atomic formulas generated by full terms with an

invariant set of type (‘L’n, Tm) and the superposition R™ defined on this set are proposed. As a consequence, it

is possible to construct the algebra

S(nY) L (TS(TL,Y) (Xn),Wf(Tl’y)(Xn),Rn,Sn)

4 !
(1: Tm) N (tatm)
consisting of two universe sets and two operations.

®Y)

The following theorem shows that the operations R™ and S™ on the algebra T(STn Tm) satisfies some
important equations.

Theorem 5 The algebra T( , ) satisfies the following axiom:
RTl(RTl(F Sl"' Sn), tl"" n) = RTl(F Sn(sl, tl""’ ) S (Sn, tl'---'tn))
for every F € TS(nY) (Xn) sj,t; € Wff"y)(Xn),] =1,..,n

Proof. We give a proof by the definition of an atomic formula F. In the first case, if F is an equation S = € where

S and t are full terms with an invariant set, then by the superassociativity of S™ we have

R™(R™(s = t,S1, e, Sp), t1,y s ty)

= R™(S™(S, S, o) Sp) = S™(t,S1, o) Sp), t1y eees ty)

= S™(S™(S, 51, e Sp)y t1y s tn) = ST(S™(L, S, o) Sp)y t1y eves tr)

_Sn(S Sn(sl,tl,... TL) Sn(Sn, tl)"' Tl)) = Sn(t Sn(Sl,tl,..., ) Sn(Sn,tl,...,t )
= Rn(S =~ t S (Sll tl’ ey ) Sn(Sn, tl’ ey n))

Assume that F' is an expression ¥ (Uy, ..., U, ). Then we obtain

R"(R”(y]-(ul, ey U ), Sty ey sn), ty, .., tn)
= R"(yj(S”(ul,sl, iy Sp)y ey ST (U, S1) w0 Sp))s Epy oony tn)
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= yj(Sn(Sn(ull Sll ey Sn): tl) ey tn)’ )Sn(sn(u’mt Sll ey Sn)’ tll sy tn))
=Y (S™ (g, ST (S0, t1s eees )y ooy ST (S by s 1))y ooy ST (U, ST(S1, Ty ven s )y oo, S (S B, e, E0))
= Rn(yj(ul, ,um), Sn(Sl, tl' ey tn), ,Sn(Sn, tl' ey tn))

This finishes the proof.

Recall from (Kumduang & Leeratanavalee, 2021; Kunama & Leeratanavalee, 2023) that Hpr(Tn, T;n)
denoted the set of all full hypersubstitutions for algebraic systems of type (T, Tr,), @ mapping 0: {f;|i € [} U
{yj |] E]} - wi (X,) U Tffn.ﬁn) (X,,). Each full hypersubsitution 0 can be extended to be a mapping 0
which takes from WT’;(Xn) U TI(T )(Xn) to itself which can be defined by the following setting:

’
TnTm

1. 6[fi(xaqy, s Xam)] = (0(f))

2.6[fi(ty, ... t)] = S™ (0 (fD), 6[t1], ..., G[tn).

3.0[s = t] = 6[s] = 6[t].

4.6lyi(ty, ., tw)] = R™(0(y;), 6[t1], ..., 6[Em]).
By this definition, the binary operation 0, on Hpr(Tn, T;n) is definedby O 0, 1 = oo 1 where © denotes
the usual composition of functions. It was proved that (Hpr(Tn, T;n), Oy, O'id) is @ monoid where Oj4 acts
as an identity element with respectto 0,- defined by ;4 (fl) = fi(xlr v xn) and 0;g ()/j) =Y (x4, o ,xm).

Applying the concept of full hypersubstitutions, it is interesting to restrict the range of O to the set of full
terms with an invariant set and the set of atomic formulas with an invariant set, which we give the definition as
follows:
Definition 6 A full hypersubstitution o € Hpr(Tn, T;n) for algebraic systems of type (Tn, T‘;n) is said to be a
full hypersubstitution with an invariant set if 6(f;) € Wﬁf'y) (x,) and 0'()/}-) € T‘ES?;H) (X,,). The set of all full
hypersubstitutions with an invariant set of type (Tn, T7,n) is denoted by Hyps(ﬁ'y) (th, T;n)

Our next aim is to show that the set Hyps®" (,,, T1,) is a submonoid of Hyp" (T, Tl ) with respect
to the binary operation O,-. For this, the following propositions are prepared.
Proposition 7 The extension of each full hypersubstitution with an invariant set of type (Tn, ‘L'Tln) maps from the
set Wfi(ﬁ‘y) (X)) to itself and maps from the set Tgc(:gn) (X)) to itself.
Proof Let t and F be a full term with an invariant subset and an atomic formula with an invariant set, respectively.

We aim to show that &[t] € W‘;E’_l’y)(Xn) and G[F] ET?T(TI'?)(Xm). Now, we begin with t =
ntm

f; (xa(l), o xa(n)) where & belongs to S(1, Y). Thus, we have 6[fi(xa(1), s xa(n))] is equal to (O'(fl-))a.

1028



A9ENTIMENAARTYINY TN 29 (1107 3) Muenew — FwIAN WA, 2567

BURAPHA SCIENCE JOURNAL Volume 29 (No.3) September — December 2024 UNAINIRY

S(ny)(Xn), tg contains in

Wffl(n'y)(Xn). Our aim is obtained. If t = i(tl, .., t,) and assume that 6[t], ..., &[t,] € Wﬁfﬁ’y) X,).
then by the paper (Kumduang, 2023B) we conclude G[f;(ty,...,tn)] = S™(a(f;), 6[t1], ..., 8[t,]) €

Since we know that for any mapping ,8 € S(n Y) and any full term t € W,

Wﬁgﬁ'y)(Xn). If F'is an atomic formula § = t, then by an inductive step, we have 6'[5 = t] which equals
6[s] = G[t] is also an atomic formula with an invariant set. Finally, if F is an atomic formula 14 (tl, vy tm), and
suppose that ﬁ[t-] € Wf(ﬁ'y)(Xn) for j =1,..,m, then by Theorem 5, we get ﬁ[yj(tl, ...,tm)] =
Rm(a(yj) [t1], ..., G[t;m]) belongs toT (ny) (Xm)

Example 8 Let (‘[3, ‘[2) be a type of algebra|c systems with one ternary operation symbol f and one binary
relation symbol V. Suppose that ¢ € Hyps(§,{2,3}) (13, T,) defined by a(f) = f(xq,x3,%3) and d(V) =

f(x1,x3,%3) = f(x1, %2, %3). Then we have G [f (x3, x3, x3)] = (f(x21x3:x3))(1 2 3) =
13 2

f(x3,x5,x5) € WS(3 23}) (X3).On the other hand, &[f (X3, x3,x3) = f(xq, X3, x,)]is equal to the

formula (f(xl,X3,X3)) 1 2 3) (f(xl,xZ,xZ)) 1 2 3) and thUSf(xl,xz,xZ) = f(xl,x3,x3) (S
1 3 2 1 3 2

5(3(23
T(TE,TE) ! Xim).

Then we prove the following theorem.

Theorem 9 The set Hyps(*") (Tn, Tm) is a subsemigroup of Hyp" (T, Tj,) under the binary operation 0;-.
Proof Let O and 1] be two full hypersubstitutions with an invariant set of type (Tn, Tr’n) We show that under
application the binary operation O, from Hyp* (T, Tiy), 00,1 is a mapping in Hyp*™ (t,,, T4,). To attain
this, let fl be an operation symbol of type T, and ]/j be a relation symbol of type T;n. From Proposition 7, it follows
et (o0,m)(f) = (6o M) = 6] € W™ (Kn) and (a0,m(y;) = (6o 1)(y;) =
6[n(y))] € Fim)y ).

Remark that in general, HypS®") (t,,, T},) is not a submonoid of Hyp" (T, Thy) under the binary
operation 0, because gy & Hyp ™ (1,,,7,) . Namely, 0;4(f) = fl-(xl, . xn) does not necessary
contains in Ws(n ") (X)) and 04 ()/j) = ¥; (X1, ..., X does not contains in .‘F( (Xm)

Example 10 Let (T3, T3) be a type of algebraic systems with one ternary operation Symbol f and one ternary

relation symbol V. Let o be afull hypersubstitution for algebraic systems which sends f to f(xl, X3, xz) and

Vito V(f(xz,x3,x3),f(x2,x2,x3),f(x1,x2,x3)).Then o € HypSG23) (15, 1),
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Discussion

In this work, one of the subclasses of atomic formulas generated by full terms arising from a mapping with
an invariant set on a finite set 1 is introduced. While examples and proofs of some propositions and theorems
depend on a fixed subset Y of 1, which means that a characteristic of Y implies the expression of the set of atomic
formulas. However, there are many symbols that appear in the work, we also paid an attention to use the standard
notation as much as possible in the theory of hyperidentities and hypersubstitutions. For the definition of full
hypersubstitutions with an invariant set for algebraic systems of type (Tn, T;n) there is another approach to set a
mapping 0. This mapping can be considered as having a domain that is a Cartesian product of operation symbols
and relation symbols, taking elements in each component to the set of full terms with an invariant subset and the

set of atomic formulas with an invariant set. See the paper (Denecke, 2019) for this particular method.

Conclusions
s@y . . . . .
The set T(T(nr,) )(Xn) of atomic formulas generated by full terms with an invariant set and operation
ntm
symbols is proposed. Some concrete examples of these atomic formulas are also given. The superposition R™

, . . . s@Y)
defined on that set is superassociative and hence the algebra consisting of the set T(Tn,T;n))(Xn) and

VVT‘Z(E’Y) (X,,) together with the operations R™ and S™ is constructed. It allows us to consider a subclass of full
hypersubstitions whose range are universal sets of this algebra. The semigroup Hyps(ﬁ’y) (Tn, T;n) with respect
to the binary associative operation 0, is proved.

To continue the paper, the first direction is to apply the results to characterize of idempotency and regularity
of elements in the semigroup (Hyp* @) (1,,,7/,), 0,-). With these characterizations, a process of computation
of 0 may be reduced in a natural way. Another way to develop the work is to study the power set of Té(fizn) (Xn),

apply a non-deterministic operation on such set, and try to examine the superassociativity.
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