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บทคัดย่อ  

วัตถุประสงคแ์ละทีม่า : อะตอมมิคฟอรม์ลู่าซึ่งเป็นนิพจนท์างคณิตศาสตรท์ี่ถกูใชใ้นทฤษฎีตรรกศาสตรร์ว่มสมยันัน้ถกูสรา้ง
มาจากเทอมและสญัลกัษณค์วามสมัพนัธ ์ 
วิธีด าเนินการวิจัย : อาศยัการส่งที่เซตไม่แปรเปล่ียนบนเซตจ ากัด {1, … , 𝑛} ส าหรบัจ านวนเต็มบวก 𝑛 ใด ๆ  อะตอมมิค
ฟอรม์ลู่าที่ก่อก าเนิดจากการส่งดงักล่าวและตวัอย่างไดร้บัการน าเสนอ นอกจากนีย้งัพิสจูนว์่าพีชคณิตของอะตอมมิคฟอรม์ูล่า
ดงักล่าวสอดคลอ้งกบับางสจัพจนโ์ดยอาศยัการด าเนินการซุปเปอรโ์พสิชนั 𝑅𝑛  
ผลการวิจัย : โมนอยดข์องฟูลไฮเพอรส์ับทิทิวชันส าหรับระบบเชิงพีชคณิตในบางชนิดที่นิยามบนของเซตของอะตอมมิค           
ฟอรม์ูล่าที่ก่อก าเนิดจากการส่งที่เซตไม่แปรเปล่ียนไดร้บัการพิสูจน์ พีชคณิตสองโครงสรา้งภายใตก้ารด าเนินการซุปเปอร์           
โพสิชนั 𝑅𝑛 และการด าเนินการทวิภาค ∘𝑟 ซึ่งเป็นเครื่องมือส าคญัในทฤษฎีเอกลกัษณไ์ฮเพอรไ์ดถ้กูสรา้งขึน้ 
สรุปผลการวิจัย : อะตอมมิคฟอรม์ูล่าที่ก่อก าเนิดจากการส่งที่เซตไม่แปรเปล่ียนไดร้บัการน าเสนอ พีชคณิตของฟอรม์ูล่า
สอดคลอ้งกบักฎการเปล่ียนหมู่แบบซุปเปอร ์   
ค าส าคัญ  :  ฟอรม์ลู่า ; การส่งที่เซตไม่แปรเปล่ียน ; การด าเนินการ ; โมนอยด ์
 

Abstract  
Background and Objectives : Atomic formulas, mathematical expressions used in a theory of classical logic, are 
combined from terms and relation symbols.  
Methodology : Based on a mapping with an invariant set on a finite set {1, … , 𝑛} for a positive integer 𝑛. Atomic 
formulas generated by such mapping and some concrete examples are presented. By applying a superposition 
operation 𝑅𝑛, we show that the algebra of atomic formulas generated by a mapping with an invariant set 
satisfying some axioms is formed.  



                           
                               วารสารวิทยาศาสตรบ์รูพา ปีที่ 29 (ฉบบัที่ 3)  กนัยายน  –  ธันวาคม  พ.ศ. 2567 
                        BURAPHA SCIENCE JOURNAL Volume 29 (No.3)  September  –  December   2024                          บทความวิจยั 
 

 

 

 

 1023 
 

Main Results :  The monoid of full hypersubstitutions for algebraic systems of some types defined on the set of 
atomic formulas generated by a mapping with an invariant set is proved. Two algebras of such formulas with respect 
to a superposition 𝑅𝑛 and a binary operation ∘𝑟  which are tools to study a theory of hyperidentities are constructed. 
Conclusions  : Atomic formulas generated by mappings with an invariant set are given. Algebras of these 
formulas satisfty the superassociative law.  
Keywords :  formula ; a mapping with an invariant set ; operation ; monoid 
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Introduction 
 It is well-known that formulas, which are algebraic expressions, always play a key role in logic and 
algebraic systems. Normally, by algebraic systems we mean a triple consisting of a nonempty set 𝐴, operations 
defined on 𝐴, and relations on 𝐴. A partially ordered semigroup is a basic example of algebraic systems. To explain 
algebraic properties of algebraic systems, one needs formulas. For example, on the set of real numbers ℝ, an 
expression ∃𝑥[𝑥 + 1 = 3] is true because there is a real number 2 substituting in an equation 𝑥 + 1 = 3, 
which implies that this equation holds. In this matter, ∃𝑥[𝑥 + 1 = 3] can be viewed as a formula in this aspect. 

By the definition, let 𝜏 be a type of operation symbols and 𝜏′ be a type of relation symbols. Recall from (Denecke, 
2019) that a formula of type (𝜏, 𝜏′) is defined by the following steps: 

1. An equation 𝑠 ≈ 𝑡 is a formula of type (𝜏, 𝜏′) if both 𝑠 and 𝑡 are terms of type 𝜏. 

2. If 𝑡1, … , 𝑡𝑛𝑗
 are terms of type 𝜏 and 𝛾𝑗  is an 𝑛𝑗 -relation symbol, then 𝛾𝑗(𝑡1, … , 𝑡𝑛𝑗

) is a formula of 
type (𝜏, 𝜏′). 

3. If 𝐹 is a formula of type (𝜏, 𝜏′), then ¬𝐹 is a formula of type (𝜏, 𝜏′). 
4. If 𝐹1 and 𝐹2 are formulas of type (𝜏, 𝜏′), then 𝐹1 ∨ 𝐹2 is a formula of type (𝜏, 𝜏′). 

5. If 𝐹 is a formula of type (𝜏, 𝜏′) and 𝑥𝑖  is a variable form an alphabet 𝑋, then ∃𝑥𝑖[𝐹] is a formula of 
type (𝜏, 𝜏′). 

The symbol ℱ(𝜏,𝜏′)(𝑊𝜏(𝑋)) denotes the set of all formulas of type (𝜏, 𝜏′). Actually, the formulas in the 
form 1. or 2. is said to be atomic. For more information and backgrounds about formulas and atomic formulas, see 
the papers (Joomwong & Phusanga, 2021; Kumduang & Leeratanavalee, 2021; Kumduang & Sriwongsa, 2023).  

mailto:thodsaporn.kum@rmutr.ac.th
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Let us consider some examples. On the set ℱ(3,2)(𝑊(2)(𝑋)) of formulas constructed from terms of type 
(2) with a ternary operation symbol 𝑓, a binary relation symbol 𝛾 and logical connectives, the following formulas 
belong to that set:  

𝑥5 ≈ 𝑓(𝑥5, 𝑥5, 𝑥5), 𝛾 (𝑥1, 𝑓(𝑥5, 𝑥5, 𝑥5)), ¬ (𝑓(𝑥2, 𝑥1, 𝑥2) ≈ 𝑥1), (𝑥1 ≈ 𝑥1) ∨ 𝛾 (𝑥1, 𝑥4). 
However, the following formulas do not belong to that set: 𝑥1 ≈ 𝑓(𝑥3, 𝑥2), 𝛾 (𝑥1, 𝑓(𝑥5, 𝑥5, 𝑥5), 𝑥2). 

Kumduang and Leeratanavalee defined full formulas by applying the concept of full terms, terms constructed 

from a full transformation on a finite set �̅� = {1, … , 𝑛}. See (Kumduang & Leeratanavalee, 2021) . In fact, full 
terms and full formulas always play a central role in the theory of hyperidentities and solid varieties of algebras since 
these tools are ranges of mappings aiming to replace variables in identities by complicated steps. 

We now recall the definition of a semigroup of transformations with an invariant set introduced in (Honyam,  & 
Sanwong, 2011). For a fixed nonempty subset 𝑌 of a set 𝑋, the set 𝑆(𝑋, 𝑌) = {𝛼: 𝑋 → 𝑋 ∣ 𝑌𝛼 ⊆ 𝑌 }  whose 
elements are called transformations with an invariant set equipped with the usual composition of functions is a 
semigroup. For more details, we refer to (Sarkar & Singh 2022). Applying this structure, a particular class of full terms 
was given. In 2022, the concept of full terms with an invariant set was introduced in (Phuapong & Pookpienlert, 
2022).  Actually, an 𝑛-ary 𝑆(�̅�, 𝑌)-full term of type 𝜏𝑛 is inductively defined in the following setting: 

1. 𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛)) is an 𝑛-ary 𝑆(𝑛, 𝑌)-full term of type 𝜏𝑛 where 𝛼 ∈ 𝑆(𝑛, 𝑌), 
2. If 𝑡1, … , 𝑡𝑛 are 𝑛-ary 𝑆(𝑛, 𝑌)-full terms of type 𝜏𝑛, then 𝑓𝑖(𝑡1, … , 𝑡𝑛) is an 𝑛-ary 𝑆(𝑛, 𝑌)-full term of 

type 𝜏𝑛.  

3. The set 𝑊𝜏𝑛

𝑆(𝑛,𝑌)
(𝑋𝑛)  of all 𝑛 -ary 𝑆(𝑛, 𝑌) -full terms of type 𝜏𝑛 is the smallest set containing 

𝑓𝑖(𝑡𝛼(1), … , 𝑡𝛼(𝑛)) and is closed under finite application of 2. 
For example, let 𝜏3 = (3, 3, 3) be a type with three ternary operation symbols ⊗,⊠,⊚. For a fixed 

subset 𝑌 = {1,3} of 3, we have ⊗ (𝑥1, 𝑥2, 𝑥3),⊠ (𝑥1, 𝑥3, 𝑥1) ∈ 𝑊(3,3,3)

𝑆(3,{1,3})
(𝑋3)  because 

(
1 2 3
1 2 3

) , (
1 2 3
1 3 1

) ∈ 𝑆(3, {1,3}). On the other hand, it is not difficult to see that   

⊗ (𝑥2, 𝑥1, 𝑥1),⊚ (𝑥2, 𝑥2, 𝑥2) ∉ 𝑊
(3,3,3)

𝑆(3,{1,3})
(𝑋3) because (1 2 3

2 1 1
) and (1 2 3

2 2 2
) do not belong to 

the set 𝑆(3, {1,3}). Other classes of full terms can be found, for instance, in the paper (Kumduang, 2023A; 
Wattanatripop & Changphas, 2019). 

The superposition operation 𝑆𝑛  on the set 𝑊𝜏𝑛

𝑆(𝑛,𝑌)
(𝑋𝑛) of all 𝑛-ary 𝑆(𝑛, 𝑌)-full terms of type 𝜏𝑛  was 

mentioned in the paper (Phuapong & Pookpienlert, 2022; Wattanatripop & Changphas, 2021). In fact, it is a mapping  
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𝑆𝑛: 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)𝑛+1 → 𝑊𝜏𝑛

𝑆(𝑛,𝑌)
(𝑋𝑛) 

defined by  

1. 𝑆𝑛(𝑓
𝑖
(𝑥𝛼(1), … , 𝑥𝛼(𝑛)), 𝑠1, … , 𝑠𝑛) = 𝑓

𝑖
(𝑠𝛼(1), … , 𝑠𝛼(𝑛)), 

2. 𝑆𝑛(𝑓𝑖(𝑡1, … , 𝑡𝑛), 𝑠1, … , 𝑠𝑛) = 𝑓𝑖(𝑆𝑛(𝑡1, 𝑠1, … , 𝑠𝑛), … , 𝑆𝑛(𝑡𝑛, 𝑠1, … , 𝑠𝑛)). 

It was mentioned in (Kumduang, 2023B) that the operation 𝑆𝑛 defined on 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) satisfies the following 
identity:  

𝑆𝑛(𝑆𝑛(𝑡, 𝑠1, … , 𝑠𝑛), 𝑢1, … , 𝑢𝑛) = 𝑆𝑛(𝑡, 𝑆𝑛(𝑠1, 𝑢1, … , 𝑢𝑛), … , 𝑆𝑛(𝑠𝑛, 𝑢1, … , 𝑢𝑛)). 
This equation also known as the superassociative law since it generalizes an associative law, meaning that if 𝑛 = 1, 
the superassociative law is reduced to an associative law. The algebras satisfy the superassociative law have been 
investigated in many works, for example, see (Denecke & Hounnon, 2021; Dudek & Trokhimenko, 2021; Kumduang 
& Sriwongsa, 2023; Phuapong & Kumduang, 2021). 

For continuation of the current work in this line, this paper aims to introduce a subclass of atomic formulas 
by using full terms with an invariant set and relation symbols. We also apply the superposition 𝑅𝑛  given in 
(Kumduang & Leeratanavalee, 2021) to such atomic formulas. Furthermore, we also continue our investigation with 
describing full hypersubsitutions for algebraic systems of some types whose ranges are the union between the set 
of full terms with an invariant subset and the set of atomic formulas induced by full terms with an invariant set. The 
semigroup of these full hypersubstitutions under the binary associative operation is proved. Some concluding 
remarks and suggestions for future works are collected in the last section. 

 
Methods  

This section starts with the definition of atomic formulas generated by mappings with an invariant subset. 
Definition 1 Let 𝑛 and 𝑚 be fixed positive integers. An atomic formula generated by full terms with an invariant set 
of type (𝜏𝑛, 𝜏𝑚

′ ) is defined in the following way: 

1. An equation 𝑠 ≈ 𝑡 is an atomic formula generated by full terms with an invariant set of type (𝜏𝑛, 𝜏𝑚
′ )  

if both 𝑠 and 𝑡 be full terms with an invariant set of type 𝜏𝑛. 
2. If 𝑡1, … , 𝑡𝑚 are terms of type 𝜏𝑛 and 𝛾𝑗  is an 𝑚-ary relation symbol, then 𝛾𝑗(𝑡1, … , 𝑡𝑚) is an atomic 

formula generated by full terms with an invariant set of type (𝜏𝑛, 𝜏𝑚
′ ). 

3.The set ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑛)  of all atomic formulas generated by full terms with an invariant set of type 

(𝜏𝑛, 𝜏𝑚
′ ) is the smallest set which is closed under finite application of 2. 
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Some concrete examples of atomic formulas generated by full terms with an invariant set are now given. 
Example 2 Let (𝜏3, 𝜏2

′ ) be a type of algebraic systems where 𝜏3 = (3,3) with two ternary operation symbols 𝑓 
and 𝑔 and 𝜏2

′ = (2) with a binary relation symbol ∇. If we now fix a subset 𝑌 = {1,3} ⊂ 3, then the following 
are some examples of atomic formulas generated by full terms with an invariant set 𝑌 of type (𝜏3, 𝜏2

′ ) in the set  

ℱ
(𝜏3,𝜏2

′ )

𝑆(3,{1,3})
(𝑋3): 

𝑓(𝑥1, 𝑥2, 𝑥3) ≈ 𝑔(𝑥3, 𝑥3, 𝑥3), 𝑔(𝑥1, 𝑥1, 𝑥1) ≈ 𝑓(𝑥3, 𝑥2, 𝑥1), ∇(𝑔(𝑥3, 𝑥3, 𝑥3), 𝑓(𝑥1, 𝑥1, 𝑥1)) 

because (1 2 3
1 2 3

) , (
1 2 3
3 3 3

) , (
1 2 3
1 1 1

) , (
1 2 3
3 2 1

) ∈ 𝑆(3, {1,3}). 

However, the following are not elements in the set ℱ
(𝜏3,𝜏2

′ )

𝑆(3,{1,3})
(𝑋3): 

𝑓(𝑥2, 𝑥2, 𝑥2) ≈ 𝑓(𝑥3, 𝑥3, 𝑥3), 𝑔(𝑥1, 𝑥3, 𝑥2) ≈ 𝑔(𝑥3, 𝑥1, 𝑥2), ∇(𝑔(𝑥3, 𝑥2, 𝑥1), 𝑓(𝑥2, 𝑥3, 𝑥1)) 

because (1 2 3
2 2 2

) , (
1 2 3
1 3 2

) , (
1 2 3
3 1 2

) , (
1 2 3
2 3 1

) ∉ 𝑆(3, {1,3}). 

Let 𝛽 be a transformation with an invariant subset 𝑌 on a set �̅�. For each full term 𝑡 with an invariant 

subset and atomic formula 𝐹 with an invariant subset, we inductively define a full term 𝑡𝛽 and an atomic formula 
𝐹𝛽 arising from 𝛽 by the following steps. 

1. If 𝑡 = 𝑓
𝑖
(𝑥𝛼(1), … , 𝑥𝛼(𝑛)), then 𝑡𝛽 = 𝑓

𝑖
(𝑥𝛽(𝛼(1)), … , 𝑥𝛽(𝛼(𝑛))), 

2. If 𝑡 = 𝑓𝑖(𝑡1, … , 𝑡𝑛), then  𝑡𝛽 = 𝑓
𝑖
((𝑡1)𝛽, … , (𝑡𝑛)𝛽), 

3. If 𝐹 = 𝑠 ≈ 𝑡, then 𝐹𝛽 = 𝑠𝛽 ≈ 𝑡𝛽, 

4. If 𝐹 = 𝛾𝑗(𝑡1, … , 𝑡𝑚), then  𝐹𝛽 = 𝛾
𝑗
((𝑡1)𝛽, … , (𝑡𝑚)𝛽). 

 Now we extend the definition of the superposition 𝑆𝑛 defined on the set of full terms with an invariant 
subset to the set of all atomic formulas generated by full terms with an invariant set of type (𝜏𝑛, 𝜏𝑚). 

Definition 3 The superposition 𝑅𝑛: ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑛) × 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)𝑛+1 → ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑛)  where 𝑛  is a positive 

integer is defined by the characteristic of atomic formulas generated by full terms with an invariant set as follows: 

1. 𝑅𝑛(𝑠 ≈ 𝑡, 𝑠1, … , 𝑠𝑛) = 𝑆𝑛(𝑠, 𝑠1, … , 𝑠𝑛) ≈ 𝑆𝑛(𝑡, 𝑠1, … , 𝑠𝑛), 

2. 𝑅𝑛 (𝛾𝑗(𝑡1, … , 𝑡𝑚), 𝑠1, … , 𝑠𝑛) = 𝛾𝑗(𝑆𝑛(𝑡1, 𝑠1, … , 𝑠𝑛), … , 𝑆𝑛(𝑡𝑚, 𝑠1, … , 𝑠𝑛)). 
 To illustrate the process of computation of atomic formulas generated by full terms with an invariant set by 
the superposition 𝑅𝑛, let us consider the following example. 

Example 4 Let (𝜏3, 𝜏2) be a type of algebraic systems with one ternary operation symbol 𝑓 and one relation 

symbol ∇. We also consider full terms 𝑠1 = 𝑓(𝑥1, 𝑥2, 𝑥3), 𝑠2 = 𝑓(𝑥1, 𝑥2, 𝑥2), 𝑠3 = 𝑓(𝑥2, 𝑥3, 𝑥2) in the set 
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𝑊
(3)

𝑆(3,{2,3})
(𝑋3)  and atomic formulas 𝑓(𝑥2, 𝑥3, 𝑥3) ≈ 𝑓(𝑥1, 𝑥2, 𝑥2)  and ∇(𝑓(𝑥1, 𝑥2, 𝑥3), 𝑓(𝑥3, 𝑥3, 𝑥3)) 

in the set ℱ(𝜏3,𝜏2)

𝑆(3,{2,3})
(𝑋3). Then we have that 

1. 𝑅3(𝑓(𝑥2, 𝑥3, 𝑥3) ≈ 𝑓(𝑥1, 𝑥2, 𝑥2), 𝑠1, 𝑠2, 𝑠3) = 𝑓(𝑠2, 𝑠3, 𝑠3) ≈ 𝑓(𝑠1, 𝑠2, 𝑠2), which is equal to 
𝑓(𝑓(𝑥1, 𝑥2, 𝑥2), 𝑓(𝑥2, 𝑥3, 𝑥2), 𝑓(𝑥2, 𝑥3, 𝑥2)) ≈ 𝑓(𝑓(𝑥1, 𝑥2, 𝑥3), 𝑓(𝑥1, 𝑥2, 𝑥2), 𝑓(𝑥1, 𝑥2, 𝑥2)). 

2. 𝑅3(∇(𝑓(𝑥1, 𝑥2, 𝑥3), 𝑓(𝑥3, 𝑥3, 𝑥3)), 𝑠1, 𝑠2, 𝑠3) = ∇(𝑓(𝑠1, 𝑠2, 𝑠3), 𝑓(𝑠3, 𝑠3, 𝑠3)), which is equal to 
∇(𝑓(𝑓(𝑥1, 𝑥2, 𝑥3), 𝑓(𝑥1, 𝑥2, 𝑥2), 𝑓(𝑥2, 𝑥3, 𝑥2)), 𝑓(𝑓(𝑥2, 𝑥3, 𝑥2), 𝑓(𝑥2, 𝑥3, 𝑥2), 𝑓(𝑥2, 𝑥3, 𝑥2))). 

 
Results   

We begin our results of the paper with construction of the algebra of atomic formulas generated by full 
terms with an invariant set. 

 From the previous section, the set ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌) (𝑋𝑛) of all atomic formulas generated by full terms with an 

invariant set of type (𝜏𝑛, 𝜏𝑚
′ ) and the superposition 𝑅𝑛 defined on this set are proposed. As a consequence, it 

is possible to construct the algebra 

ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
≔ (ℱ

(𝜏𝑛,𝜏𝑚
′ )

𝑆(𝑛,𝑌)
(𝑋𝑛), 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛), 𝑅𝑛, 𝑆𝑛) 

consisting of two universe sets and two operations. 

 The following theorem shows that the operations 𝑅𝑛 and 𝑆𝑛 on the algebra ℱ(𝜏𝑛,𝜏𝑚)
𝑆(𝑛,𝑌)  satisfies some 

important equations. 
Theorem 5 The algebra ℱ

(𝜏𝑛,𝜏𝑚
′ )

𝑆(𝑛,𝑌)  satisfies the following axiom: 
𝑅𝑛(𝑅𝑛(𝐹, 𝑠1, … , 𝑠𝑛), 𝑡1, … , 𝑡𝑛) = 𝑅𝑛(𝐹, 𝑆𝑛(𝑠1, 𝑡1, … , 𝑡𝑛), … , 𝑆𝑛(𝑠𝑛, 𝑡1, … , 𝑡𝑛)) 

for every 𝐹 ∈ ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑛), 𝑠𝑗, 𝑡𝑗 ∈ 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛), 𝑗 = 1, … , 𝑛. 

Proof. We give a proof by the definition of an atomic formula 𝐹. In the first case, if 𝐹 is an equation 𝑠 ≈ 𝑡 where 

𝑠 and 𝑡 are full terms with an invariant set, then by the superassociativity of 𝑆𝑛, we have 
𝑅𝑛(𝑅𝑛(𝑠 ≈ 𝑡, 𝑠1, … , 𝑠𝑛), 𝑡1, … , 𝑡𝑛) 
= 𝑅𝑛(𝑆𝑛(𝑠, 𝑠1, … , 𝑠𝑛) ≈ 𝑆𝑛(𝑡, 𝑠1, … , 𝑠𝑛), 𝑡1, … , 𝑡𝑛) 
= 𝑆𝑛(𝑆𝑛(𝑠, 𝑠1, … , 𝑠𝑛), 𝑡1, … , 𝑡𝑛) ≈ 𝑆𝑛(𝑆𝑛(𝑡, 𝑠1, … , 𝑠𝑛), 𝑡1, … , 𝑡𝑛) 
= 𝑆𝑛(𝑠, 𝑆𝑛(𝑠1, 𝑡1, … , 𝑡𝑛), … , 𝑆𝑛(𝑠𝑛, 𝑡1, … , 𝑡𝑛)) ≈ 𝑆𝑛(𝑡, 𝑆𝑛(𝑠1, 𝑡1, … , 𝑡𝑛), … , 𝑆𝑛(𝑠𝑛, 𝑡1, … , 𝑡𝑛) 
= 𝑅𝑛(𝑠 ≈ 𝑡, 𝑆𝑛(𝑠1, 𝑡1, … , 𝑡𝑛), … , 𝑆𝑛(𝑠𝑛, 𝑡1, … , 𝑡𝑛)). 

Assume that 𝐹 is an expression 𝛾𝑗(𝑢1, … , 𝑢𝑚). Then we obtain 
𝑅𝑛(𝑅𝑛(𝛾𝑗(𝑢1, … , 𝑢𝑚), 𝑠1, … , 𝑠𝑛), 𝑡1, … , 𝑡𝑛) 
= 𝑅𝑛(𝛾𝑗(𝑆𝑛(𝑢1, 𝑠1, … , 𝑠𝑛), … , 𝑆𝑛(𝑢𝑚, 𝑠1, … , 𝑠𝑛)), 𝑡1, … , 𝑡𝑛) 
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= 𝛾𝑗(𝑆𝑛(𝑆𝑛(𝑢1, 𝑠1, … , 𝑠𝑛), 𝑡1, … , 𝑡𝑛), … , 𝑆𝑛(𝑆𝑛(𝑢𝑚, 𝑠1, … , 𝑠𝑛), 𝑡1, … , 𝑡𝑛)) 
= 𝛾𝑗(𝑆𝑛(𝑢1, 𝑆𝑛(𝑠1, 𝑡1, … , 𝑡𝑛), … , 𝑆𝑛(𝑠𝑛, 𝑡1, … , 𝑡𝑛)), … , 𝑆𝑛(𝑢𝑚, 𝑆𝑛(𝑠1, 𝑡1, … , 𝑡𝑛), … , 𝑆𝑛(𝑠𝑛, 𝑡1, … , 𝑡𝑛))) 
= 𝑅𝑛(𝛾𝑗(𝑢1, … , 𝑢𝑚), 𝑆𝑛(𝑠1, 𝑡1, … , 𝑡𝑛), … , 𝑆𝑛(𝑠𝑛, 𝑡1, … , 𝑡𝑛)). 

This finishes the proof. 
 Recall from (Kumduang & Leeratanavalee, 2021; Kunama & Leeratanavalee, 2023) that  𝐻𝑦𝑝𝐹(𝜏𝑛, 𝜏𝑚

′ ) 

denoted the set of all full hypersubstitutions for algebraic systems of type (𝜏𝑛, 𝜏𝑚
′ ), a mapping 𝜎: {𝑓𝑖|𝑖 ∈ 𝐼} ∪

{𝛾𝑗|𝑗 ∈ 𝐽} → 𝑊𝜏𝑛

𝐹 (𝑋𝑛) ∪ ℱ(𝜏𝑛,𝜏𝑚
′ )

𝐹 (𝑋𝑛). Each full hypersubsitution 𝜎  can be extended to be a mapping �̂� 
which takes from 𝑊𝜏𝑛

𝐹 (𝑋𝑛) ∪ ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝐹 (𝑋𝑛) to itself which can be defined by the following setting: 

1. �̂�[𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))] = (𝜎(𝑓𝑖))
𝛼

, 

2. �̂�[𝑓𝑖(𝑡1, … , 𝑡𝑛)] = 𝑆𝑛(𝜎(𝑓𝑖), �̂�[𝑡1], … , �̂�[𝑡𝑛]), 
3. �̂�[𝑠 ≈ 𝑡] = �̂�[𝑠] ≈ �̂�[𝑡], 
4. �̂�[𝛾𝑗(𝑡1, … , 𝑡𝑚)] = 𝑅𝑚(𝜎(𝛾𝑗), �̂�[𝑡1], … , �̂�[𝑡𝑚]). 

By this definition, the binary operation 𝑜𝑟  on 𝐻𝑦𝑝𝐹(𝜏𝑛, 𝜏𝑚
′ ) is defined by 𝜎 𝑜𝑟  𝜂 = �̂� ∘  𝜂 where ∘ denotes 

the usual composition of functions. It was proved that (𝐻𝑦𝑝𝐹(𝜏𝑛, 𝜏𝑚
′ ), 𝑜𝑟 , 𝜎𝑖𝑑) is a monoid where 𝜎𝑖𝑑   acts 

as  an identity element with respect to 𝑜𝑟  defined by 𝜎𝑖𝑑(𝑓𝑖) = 𝑓𝑖(𝑥1, … , 𝑥𝑛) and 𝜎𝑖𝑑(𝛾𝑗) = 𝛾𝑗(𝑥1, … , 𝑥𝑚). 

 Applying the concept of full hypersubstitutions, it is interesting to restrict the range of 𝜎 to the set of full 
terms with an invariant set and the set of atomic formulas with an invariant set, which we give the definition as 
follows: 

Definition 6 A full hypersubstitution 𝜎 ∈ 𝐻𝑦𝑝𝐹(𝜏𝑛, 𝜏𝑚
′ ) for algebraic systems of type (𝜏𝑛, 𝜏𝑚

′ ) is said to be a 

full hypersubstitution with an invariant set if 𝜎(𝑓𝑖) ∈ 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) and 𝜎(𝛾𝑗) ∈ ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑛).  The set of all full 

hypersubstitutions with an invariant set of type (𝜏𝑛, 𝜏𝑚
′ ) is denoted by 𝐻𝑦𝑝𝑆(𝑛,𝑌)(𝜏𝑛, 𝜏𝑚

′ ).  
 Our next aim is to show that the set 𝐻𝑦𝑝𝑆(𝑛,𝑌)(𝜏𝑛, 𝜏𝑚

′ ) is a submonoid of 𝐻𝑦𝑝𝐹(𝜏𝑛, 𝜏𝑚
′ ) with respect 

to the binary operation 𝑜𝑟 . For this, the following propositions are prepared. 

Proposition 7 The extension of each full hypersubstitution with an invariant set of type (𝜏𝑛, 𝜏𝑚
′ ) maps from the 

set 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) to itself and maps from the set ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑚) to itself. 

Proof Let 𝑡 and 𝐹 be a full term with an invariant subset and an atomic formula with an invariant set, respectively. 

We aim to show that �̂�[𝑡] ∈ 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)  and �̂�[𝐹] ∈ ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑚) . Now, we begin with 𝑡 =

𝑓
𝑖
(𝑥𝛼(1), … , 𝑥𝛼(𝑛)) where 𝛼 belongs to 𝑆(𝑛, 𝑌). Thus, we have �̂�[𝑓𝑖(𝑥𝛼(1), … , 𝑥𝛼(𝑛))] is equal to (𝜎(𝑓𝑖))

𝛼
. 
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Since we know that for any mapping 𝛽 ∈ 𝑆(𝑛, 𝑌)  and any full term 𝑡 ∈ 𝑊𝜏𝑛

𝑆(𝑛,𝑌)
(𝑋𝑛) , 𝑡𝛽  contains in 

𝑊𝜏𝑛

𝑆(𝑛,𝑌)
(𝑋𝑛). Our aim is obtained. If 𝑡 = 𝑓

𝑖
(𝑡1, … , 𝑡𝑛) and assume that �̂�[𝑡1], … , �̂�[𝑡𝑛] ∈ 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛), 
then by the paper (Kumduang, 2023B) we conclude �̂�[𝑓𝑖(𝑡1, … , 𝑡𝑛)] = 𝑆𝑛(𝜎(𝑓𝑖), �̂�[𝑡1], … , �̂�[𝑡𝑛]) ∈

𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛). If 𝐹  is an atomic formula 𝑠 ≈ 𝑡 , then by an inductive step, we have �̂�[𝑠 ≈ 𝑡] which equals 
�̂�[𝑠] ≈ �̂�[𝑡] is also an atomic formula with an invariant set. Finally, if 𝐹 is an atomic formula 𝛾𝑗(𝑡1, … , 𝑡𝑚), and 
suppose that �̂�[𝑡𝑗] ∈ 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)  for 𝑗 = 1, … , 𝑚 , then by Theorem 5, we get �̂�[𝛾𝑗(𝑡1, … , 𝑡𝑚)] =

𝑅𝑚(𝜎(𝛾𝑗), �̂�[𝑡1], … , �̂�[𝑡𝑚]) belongs to ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑚). 

Example 8 Let (𝜏3, 𝜏2) be a type of algebraic systems with one ternary operation symbol 𝑓 and one binary 

relation symbol ∇. Suppose that 𝜎 ∈ 𝐻𝑦𝑝𝑆(3,{2,3})(𝜏3, 𝜏2) defined by 𝜎(𝑓) = 𝑓(𝑥1, 𝑥3, 𝑥2) and 𝜎(∇) =

𝑓(𝑥1, 𝑥3, 𝑥3) ≈ 𝑓(𝑥1, 𝑥2, 𝑥2). Then we have �̂�[𝑓(𝑥2, 𝑥3, 𝑥3)] = (𝑓(𝑥2, 𝑥3, 𝑥3))
(

1 2 3
1 3 2

)
=

𝑓(𝑥3, 𝑥2, 𝑥2) ∈ 𝑊𝜏3

𝑆(3,{2,3})
(𝑋3). On the other hand, �̂�[𝑓(𝑥2, 𝑥3, 𝑥3) ≈ 𝑓(𝑥1, 𝑥2, 𝑥2)] is equal to the 

formula (𝑓(𝑥1, 𝑥3, 𝑥3))
(

1 2 3
1 3 2

)
≈ (𝑓(𝑥1, 𝑥2, 𝑥2))

(
1 2 3
1 3 2

)
 and thus 𝑓(𝑥1, 𝑥2, 𝑥2) ≈ 𝑓(𝑥1, 𝑥3, 𝑥3) ∈

ℱ
(𝜏3,𝜏2)

𝑆(3,{2,3})
(𝑋𝑚). 

 Then we prove the following theorem. 

Theorem 9 The set 𝐻𝑦𝑝𝑆(𝑛,𝑌)(𝜏𝑛, 𝜏𝑚
′ ) is a subsemigroup of 𝐻𝑦𝑝𝐹(𝜏𝑛, 𝜏𝑚

′ ) under the binary operation 𝑜𝑟 . 

Proof Let 𝜎 and 𝜂 be two full hypersubstitutions with an invariant set of type (𝜏𝑛, 𝜏𝑚
′ ). We show that under 

application the binary operation 𝑜𝑟  from 𝐻𝑦𝑝𝐹(𝜏𝑛, 𝜏𝑚
′ ), 𝜎𝑜𝑟𝜂 is a mapping in 𝐻𝑦𝑝𝑆(𝑛,𝑌)(𝜏𝑛, 𝜏𝑚

′ ). To attain 

this, let 𝑓𝑖  be an operation symbol of type 𝜏𝑛 and 𝛾𝑗  be a relation symbol of type 𝜏𝑚
′ . From Proposition 7, it follows 

that  (𝜎𝑜𝑟𝜂)(𝑓𝑖) = (�̂� ∘  𝜂 )(𝑓𝑖) = �̂�[𝜂(𝑓𝑖)] ∈ 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛)  and (𝜎𝑜𝑟𝜂)(𝛾𝑗) = (�̂� ∘  𝜂 )(𝛾𝑗) =

�̂�[𝜂(𝛾𝑗)] ∈ ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑚). 

 Remark that in general, 𝐻𝑦𝑝𝑆(𝑛,𝑌)(𝜏𝑛, 𝜏𝑚
′ )  is not a submonoid of 𝐻𝑦𝑝𝐹(𝜏𝑛, 𝜏𝑚

′ ) under the binary 
operation 𝑜𝑟  because 𝜎𝑖𝑑 ∉ 𝐻𝑦𝑝𝑆(𝑛,𝑌)(𝜏𝑛, 𝜏𝑚

′ ) . Namely, 𝜎𝑖𝑑(𝑓𝑖) = 𝑓𝑖(𝑥1, … , 𝑥𝑛)  does not necessary 

contains in 𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) and 𝜎𝑖𝑑(𝛾𝑗) = 𝛾𝑗(𝑥1, … , 𝑥𝑛) does not contains in ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑚). 

Example 10 Let (𝜏3, 𝜏3) be a type of algebraic systems with one ternary operation symbol 𝑓 and one ternary 

relation symbol ∇. Let 𝜎 be a full hypersubstitution for algebraic systems which sends 𝑓 to  𝑓(𝑥1, 𝑥3, 𝑥2) and 

∇ to ∇(𝑓(𝑥2, 𝑥3, 𝑥3), 𝑓(𝑥2, 𝑥2, 𝑥3), 𝑓(𝑥1, 𝑥2, 𝑥3)). Then 𝜎 ∈ 𝐻𝑦𝑝𝑆(3,{2,3})(𝜏3, 𝜏2
′ ). 
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Discussion  
 In this work, one of the subclasses of atomic formulas generated by full terms arising from a mapping with 
an invariant set on a finite set �̅� is introduced. While examples and proofs of some propositions and theorems 

depend on a fixed subset 𝑌 of �̅�, which means that a characteristic of 𝑌 implies the expression of the set of atomic 
formulas. However, there are many symbols that appear in the work, we also paid an attention to use the standard 
notation as much as possible in the theory of hyperidentities and hypersubstitutions. For the definition of full 
hypersubstitutions with an invariant set for algebraic systems of type (𝜏𝑛, 𝜏𝑚

′ ), there is another approach to set a 

mapping 𝜎. This mapping can be considered as having a domain that is a Cartesian product of operation symbols 
and relation symbols, taking elements in each component to the set of full terms with an invariant subset and the 
set of atomic formulas with an invariant set. See the paper (Denecke, 2019) for this particular method.   
 
Conclusions 

The set ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑛) of atomic formulas generated by full terms with an invariant set and operation 

symbols is proposed. Some concrete examples of these atomic formulas are also given. The superposition 𝑅𝑛 

defined on that set is superassociative and hence the algebra consisting of the set ℱ
(𝜏𝑛,𝜏𝑚

′ ) )
𝑆(𝑛,𝑌)

(𝑋𝑛)  and 

𝑊𝜏𝑛

𝑆(𝑛,𝑌)(𝑋𝑛) together with the operations 𝑅𝑛 and 𝑆𝑛 is constructed. It allows us to consider a subclass of full 
hypersubstitions whose range are universal sets of this algebra. The semigroup 𝐻𝑦𝑝𝑆(𝑛,𝑌)(𝜏𝑛, 𝜏𝑚

′ ) with respect 
to the binary associative operation 𝑜𝑟  is proved. 

To continue the paper, the first direction is to apply the results to characterize of idempotency and regularity 
of elements in the semigroup (𝐻𝑦𝑝𝑆(𝑛,𝑌)(𝜏𝑛, 𝜏𝑚

′ ), 𝑜𝑟). With these characterizations, a process of computation 

of 𝜎 may be reduced in a natural way. Another way to develop the work is to study the power set of ℱ
(𝜏𝑛,𝜏𝑚

′ )

𝑆(𝑛,𝑌)
(𝑋𝑛), 

apply a non-deterministic operation on such set, and try to examine the superassociativity. 
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