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Abstract
Background and Objectives: Graph labeling, the assignment of integers to the vertices, edges, or both of a graph
under specific conditions, has been a central conceptin graph theory since its introduction in 1960. Mean labeling,
a specific type of graph labeling, was introduced by Somasundaram and Ponraj in 2003 and has since been
extensively explored for various graph classes. The concept of Power 3 mean labeling was recently introduced in

2020 by Sreeji and Sandhya. A functionfis called a Power 3 mean Labeling of a graph G = (V, E) with p vertices

and ¢ edges if it is possible to label the vertices u € V with distinct labels f{u) from 1,2, ..., g+1 in such a way

1
x3_|_y33

that when flu) = x and f(v) = y, each edge e = uv is assigned a label defined by f(e) = B or

1
3
. In this case, f'is a Power 3 mean labeling of G and G is called a Power 3 mean graph. Sreeji and

[)c3+y3

Sandhya demonstrated that some graphs possess this property while others do not. Their subsequent work
explored this labeling for the line graphs of certain graphs. Moreover, they considered Power 3 mean labeling for
various graphs resulting from the duplication of graph elements. This paper contributes to this area of study by
proving that Ladder graphs, Total graphs of a path and Chains of cycles are a family of Power 3 mean graphs.
n-ladder graph can be defined as the Cartesian product of two paths, Ln = P2 ><R1, and it is equivalent to the
2 X n grid graph. Total graph of G, denoted by T(G), is the graph whose vertex set consists of all vertices and
edges of G. Two vertices in T((G) are adjacent if and only if their corresponding elements in G are either adjacent
or incident in G. Chain of m cycle of length 7 is a graph obtained by taking m copies of the cycle graph Cn
m=3,m=1), arranging them in linear sequence, and identifying exactly one vertex of the i-th copy with one

vertex of the (i+1)-th copy fori =1, ..., m-1. We denote this chain by C" .
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Methodology: To study Power 3 mean graphs, we begin by considering the relationships between the numbers
assigned to an edge uv when the endpoints are (1) = i and f{v) = i+m. For m=1,...,5, the lower and upper
bounds of the possible 3 mean values can be determined, and a labeling pattern for the vertices and edges that
satisfies the given conditions can be identified. Next, for 7 2 1, we prove by induction on # to show that Ln and
T(Pn) are Power 3 mean graphs. Finally, for n > 3 and m 2 1 the Power 3 mean labeling of C,'l" is considered
in two cases: when 7 is even and when 7 is odd.

Main Results: We establish four lemmas describing the possible integer values assigned to an edge uv when

Au)=i and f{v) = i+m, the results are summarized as follows:

Mm=1 Juv) =iori+1

2ym=2o0r3 Juv) =i +1ori+2

B)m=4 vy =i +2o0ri +3

4)ym=5 , fuv) =i +3 ori +4 when 3< i <9 and

, fluv) =i +2 or i +3 when i > 10.

We obtain three theorems presenting the Power 3 mean labeling functions of the ladder graph, the total graph of a
path, and the chain of m cycles of length 7.

Conclusions: The Ladder graph, Total graph of path and Chain of m cycle of length n are Power 3 mean graphs.
To determine whether a class of graphs admits a Power 3 mean labeling, one common approach is to identify a
suitable labeling pattern for the vertices and edges that satisfies the given conditions. This is typically achieved by
analyzing the relationships among the integers assigned to the end vertices and the resulting values obtained for
the corresponding edges. In the case of Power 3 mean labeling, when there is a large difference between the
numbers of edges and vertices, the structure of the graph becomes more complex. As a result, it becomes difficult
to determine an appropriate labeling pattern for the vertices. This difficulty also arises in graphs that form a closed
loop, where finding a consistent labeling pattern under the given conditions is particularly challenging. The study
of graph labeling remains a topic of significant interest among mathematicians, with research conducted under
various conditions and on different types of graphs. For Power 3 mean graphs, there remain several classes of
graphs that are of interest to investigate in order to determine whether they admit a Power 3 mean labeling.

Keywords: Power 3 mean graph; Ladder graph; Total graph; Chain of cycle graph
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Introduction

Graph labeling, the assignment of integers to the vertices, edges, or both of a graph under specific
conditions, has been a central conceptin graph theory since its introduction in 1960. For a detailed survey of graph
labeling, we refer to Gallian (Gallian, 2022). Mean labeling, a specific type of graph labeling, was introduced by
Somasundaram and Ponraj in 2003 (Somasundaram & Ponraj, 2003) and has since been extensively explored for
various graph classes. The concept of Power 3 mean labeling was recently introduced in 2020 by Sreeji and
Sandhya (Sreeji & Sandhya, 2020). They demonstrated that some graphs possess this property while others do not.
Their subsequentwork explored this labeling for the line graphs of certain graphs. Moreover, they considered Power
3 mean labeling for various graphs resulting from the duplication of graph elements.

This paper contributes to this area of study by proving that Ladder graphs, Total graphs of a path and
chains of m cycles of length n form a family of Power 3 mean graphs. Standard graph terminology and notation

follow West (West, 2021).

Definition 1
A graph G = (V,E) with p vertices and ¢ edges is a Power 3 mean graph if there exists a labeling
function f:V —{1,2,...,q +1} such that the vertex labels are distinct, and the induced edge labeling f(e)

1
3 3 3

Xty
2

% 4y
for any edge e =uv is defined as: f(e)= or |[———| | where f(u)=x and f(v)=y

2

are the vertex labels. The function [ is called a Power 3 mean labeling.

Example 2 Figure 1 shows that the graph P6 is a Power 3 mean graph.

P¢: © o 0 o 0 o

Figure 1 The labeling of £,
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Remark 3 If G is a Power 3 mean graph then the vertices are labeled from L2,..., q +1 andthe edges are labels

from 1,2,...,q.

Remark 4 If G is a Power 3 mean graph then the vertices must include labels ‘1’ and ‘2 ’, and these vertices must

be adjacent to ensure that an edge receives the label ‘1".

Definition 5
n-ladder graph can be defined as the Cartesian product of two paths, Ln = P2 X]:fq, and it is equivalent

to the 2Xn grid graph.

Definition 6
Total graph of G, denoted by T(G), is the graph whose vertex set consists of all vertices and edges of
G . Two vertices in T(G) are adjacent if and only if their corresponding elements in G are either adjacent or

incidentin G .

Definition 7
Chain of m cycle of length 7 is a graph obtained by taking m copies of the cycle graph Cn (n>3,
m > 1), arranging them in linear sequence, and identifying exactly one vertex of the i — th copy with one vertex

of the (i +1) —th copyfor i=1,...,m —1. We denote this chain by C".

L5 : l l
T(P5)I

© XXy

Figure 2 The graphs L;, T(R.) and C,’
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Methodology

For a Power 3 mean graph, we begin by considering the relationships between the numbers assigned to
an edge uv when the endpoints are f(#)=i and f(v)=i+m . For m=1,...,5, the lower and upper
bounds of the possible 3 mean values can be determined, and a labeling pattern for the vertices and edges that
satisfies the given conditions can be identified. Next, for # > 1, we prove by induction on 7 to show that Ln and
T(P,) are Power mean graphs. Finally, for >3 and m >1 the Power 3 mean labeling of C" is considered in

two cases: when 7 is even and when 7 is odd.

Results
Let G be a Power 3 mean graph and let uv is an edge in G . We labeled end points of ©#V with integers
i and i+ m. Itis easy to see that when m =1, f(uv) =1 or i+ 1. Next, we consider the relations between

the numbers assigned to the edge uv when m = 2,3,4,5, as shown in the following lemmas.

Lemma 8 If # and V are the vertices with label i and i +2 of a Power 3 mean graph then f(uv)=i+1 or

i+2.

1
P+G+2) P
2

Proof: f(uv)

1
P+ (7 437 (2)+3i(4) +8)
2

[ +3° +3i(2) + 4];

\%

[i3 +3i% 4 3i + 1];

I
[G+1)°F

i+1

Since f(uv) isanintegerand f(uv)>i+1, f(uv)=i+1lori+2.

Lemma 9 If u and V are the vertices with label i and i+3 of a Power 3 mean graph. For i >3 then

fv)y=i+lori+2.
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Proof: f(uv)

1
P+3E+3) P
2

1
3

P+ (7 +3i%(3) +3i(9) +27)
2

1

= [i* +3i°(1.5) +3i(4.5) +13.5])
1
> pﬁﬁf+y+¢

- [G+1)°F
- i+1

1
and  f(uv) i +3i(1.5) +3i(4.5) +13.5]f
1
< [i* +3i° (1.5)+3°(0.5) + 3i(4.5) — 3i(0.5) +13.5 - 5.5
1
= [ +3i°(2) +3i(4) + 8]
1
= @+’
i+2
Since f(uv) is aninteger, f(uv)=i+1lori+2.

Lemma 10 If # and Vv are the vertices with label i and i +4 of a Power 3 mean graph. For i >3 then

fuv)=i+2 ori+3.

Proof: f(uv)

P +3i+4) P
2
= [ +377(2)+3i(8) + 32]§
> [ +3i*(2) +3i(4) + 8]

- (i+2°F
- i+2
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and  f(uv) [ +3i°(2)+3i(8) +32]§

A

[ +3°(3)+3i(9) + 27];

1
(i +3)°
i+3
Since f(uv) is aninteger, f(uv)=i+2 ori+3.

Lemma 11 If # and Vv are the vertices with label i and i + 5 of a Power 3 mean graph, then

i+3 or i+4 , 3<i<9
Suv)=1, . .
i+2 or i+3 , i>10

Proof:
Case 1for 3<i<9,

S )

P4G+5° P
2

1
= i +3i°(2.5)+3i(12.5) + 62.5])
1
> [i* +3i°(2.5) +3i°(0.5) +3i(12.5) - 3i(3.5) + 62.5— 35.5]}
1
= i +3°(3) +3i(9) +27]

= a+3°f
= i+3

and f(uv)

1
i +3i°(2.5)+3i(12.5) + 62.5])
1
< i +3i%(4) +3i(16) + 64)°
1
- (i+4yF
= i+4
Since f(uv) is aninteger, f(uv)=i+3 ori+4.
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Case 2 for 1 >>10,
1
PG+’ P
fw) - I—( )
2
1
= i +3i*(2.5) +3i(12.5) + 62.5]
1
> [ +3i°(2)+3i(4) + 8]
- i+2
1
and  f(uv) = i +3i*(2.5) +3i(12.5) + 62.5

1
< [i* +3i%(2.5) +3i°(0.5) + 3i(12.5) — 3i(3.5) + 64— 37|}
1
= [ +3i°(3) +3i(9) +27]
i+3
Since f(uv) is aninteger, f(uv)=i+2 ori+3.

Next, we consider the labeling of 7 — ladder graph. Graph L, = P, X P, has 2n vertices and 3n — 2
edges. Let vertex set of L be V(L)= {ul,...,un}U{vl,...,vn} and edge set be
E(Ln) = {el. :uium}u{ki =V }U{lj :ujvj} for i=12,....n—1, j=12,...,n.

i+1

Figure 3 The graph L,

Theorem 12 For n>1, L is a Power 3 mean graph.
Proof: It is easy to see that L, = P, and L, = C, then they are Power 3 mean graph. Next, we consider when

n>3. We prove by induction on 7 .
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For n =3, L, is a Power 3 mean graph.

—
[
w
—
w
=)

L13 1 L22

Figure 4 The labeling of L,, L, and L,

Let n >4 . We assume that Ln_l is a Power 3 mean graph, with 3n —5 edges. Without loss of
generality, we may assume that f(v, ,)=3n—6 and f(u, ,)=3n—5.For L , we add two vertices v, and
u, with f(v )=3n—3, f(u,)=3n—2.And labeling new three edges with f(k, )= f(v, v,)=3n—4,
fle, )= f(u, u,)=3n—3 and f(I,)= f(vu,)=3n—2.Bylemmas 8 - 11 then the resulting graph is

a Power 3 mean graph. This completes the proof.

[
w
=)

12 15 18

Figure 5 The labeling of L,

Next, we consider the labeling of the total graph T(P,). For n>2, T(P)) has 2n—1 vertices and
4n—5 edges. Let vertex set of T(P) be V(T(P )):{”p'-' u }U{Vl,...,vnfl} and edge set be

E(T(P)) {e u, M}U{l =uy }U{s =vu m}U{ v, /+1} for i=L2,....,n—1 |
j=12,...,n=2.

576



B

BURAPHA

MIATIMEANERTYINT T 31 (aLL7 2) WoEAIAN — BONAN WAL 2569

BURAPHA SCIENCE JOURNAL Volume 31 (No.2) May —August 2026 Research Article

SCIENCE JOURNAL

ISSN 2985-0983 (online

(P,) :

\&)

[Z31 € U, €, Uus Up1 €4 u,

Figure 6 The graph T'(P))
Theorem 13 For n>1, T(P)) is a Power 3 mean graph.

Proof : Itis easy to see that T'(F) = F, and T'(P,) = C;, then they are a Power 3 mean graph. Next, we consider

when 711 > 3. We prove by induction on 7. For n =3, T(B,) is a Power 3 mean graph.

T(P3)Z

Figure 7 The labeling of T'(B,)

Let n>4. We assume that T(P,_,) is a Power 3 mean graph, with 4n—9 edges. Without loss of

generality, we may assume that f(v, ,)=4n—9 and f(u, ,)=4n—10. For T(P)), we add two vertices

n—1

v and wu, with f(v )=4n—5 , f(u)=4n—6 . And labeling new four edges with

n—1
fle, )= fu, u,)=4n—-8 , f( )= f(u, v, )=4n—-T7, f(k,,)=f(v,v,,)=4n—6 and
f(s, )= f(v, ,u )=4n—5.By lemmas 8 - 11 then the resulting graph is a Power 3 mean graph. This

completes the proof.
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T(Ps) :

Figure 8 The labeling of T(F,)

Finally, we consider the labeling of the chain of m cycle of length 1. For n >3 and m>1, C" has

m(n—l)—l—l vertices and mn edges. We consider chain of m cycle of length 7 in two cases, when 7 is even

and when 7 is odd.

Theorem 14 For n >3 and m>1, C" is a Power 3 mean graph.

Proof

Case 1 when n iseven.For i =1,2,...,m, V(Cnm) = {uil,uiz,...,um}. Let the vertex u[n of C. isa
i7+1]
2

common vertex with Uiy of Cni+1 .Form>1and n> 3, we define a function

£V (C) = {L,2,...,mn+1} by

1 ; p=1

b

f,) = 1 nm-D+2(p-1) ;2§p§g+1

n(m—1)+2(n—p)+3 ; §+l<p§n

Fori=1L12,....m, E(Cnm> = {emeiza' . .,em} where e, =u,, .., - The edges are labeled with
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n
nim—1)+2p—-1 ISPSE
f(umpum(p+l)> =
nm—1)+2(n—p+1) ; —<p<n

Obviously, f is a Power 3 mean labeling. Hence C;" is a Power 3 mean graph.

2 3 4 8 9 10 14 15 16 20 21 22

O
3 4 5§ 9 10 11 15

16 17 21 22 23

Figure 9 The labeling of C64

i|l—

Case 2 when 7 is odd. Let V(Cnm): {um”iza---a”m} fori=1,2,...,m.The vertex u'[nﬁ] of Cni is a

common vertex with #, ), of Cni+1 .For m>1 and n >3, define a function

£V (C) = {L,2,...,mn+1} by

1 ;
f,) = | am-h2Ap-n  c 2<p<tE
nm—1)4+2(n—p)+3 ; n+1<p§n

h m
Fori=1,2,....m, E(C, )z{e“,eiz,...,em} where e, = u, u

millm(i 11 - 1The edges are labeled with,
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n+1
2

n(m—1)+2p—1 ; 1<p<
f(umpum(p+l)> =

1
nm—1)+2(n—p+1) ; %<p§n

Obviously, f is a Power 3 mean labeling. Hence C;" is a Power 3 mean graph.

Figure 10 The labeling of C,’

Discussion

To determine whether a class of graphs admits a Power 3 mean labeling, one common approach is to
identify a suitable labeling pattern for the vertices and edges that satisfies the given conditions. This is typically
achieved by analyzing the relationships among the integers assigned to the end vertices and the resulting values
obtained for the corresponding edges. In the case of Power 3 mean labeling, when there is a large difference
between the numbers of edges and vertices, the structure of the graph becomes more complex. As a result, it
becomes difficult to determine an appropriate labeling pattern for the vertices. This difficulty also arises in graphs
that form a closed loop, where finding a consistent labeling pattern under the given conditions is particularly
challenging. The study of graph labeling remains a topic of significant interest among mathematicians, with
research conducted under various conditions and on different types of graphs. For Power 3 mean graphs, there
remain several classes of graphs that are of interest to investigate in order to determine whether they admit a Power

3 mean labeling.

Conclusions

The Ladder graph, Total graph of path and Chain of m cycle of length n are Power 3 mean graph.
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