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Abstract 
Background and Objectives:  Magic squares of order  𝑛 are 𝑛 × 𝑛  arrays filled with distinct positive integers 
1,2,3,… , 𝑛2 arranged in such a way that the sums of the integers in each row, column  and each of the main 

diagonals are the same.  This number is called the magic constant or magic sum which is equal to 𝑛(𝑛
2+1)

2
 .   Magic 

squares have a long history, the earliest recorded information about magic squares comes from China around 2200 
BC and is called "Lo Shu". Magic squares were first mentioned in the western world in the works of Theon of Smyrna 
and were also used  to help calculate horoscopes by a 9th-century Arab astrologer. Next, the work of Greek 
mathematician Moschopoulos in 1300 helped popularize knowledge about magic squares. Today, over 700 years 
later, teachers still use this knowledge in the classroom to solve problems and practice addition. The mathematical 
study of magic squares generally involves their construction, classification and enumeration. Although completely 
general methods for creating all the magic squares of all orders do not exist, there are studies on algorithms that 
can be used to construct magic squares in some orders. For example, the De la Loubère method (or Siamese 
method) is a simple algorithm for creating magic squares of any odd order by placing numbers sequentially, moving 
diagonally up and to the right, wrapping around the grid, and dropping down one cell when hitting a filled cell or 
boundary, this technique was observed by the French diplomat Simon de la Loubère in Siam (Thailand) in the late 
17th century. The Strachey method constructs magic squares of singly even order 𝑛 = 4𝑚 + 2 by combining four 
smaller identical magic squares of order 2𝑚 + 1 together to form one magic square of order 4𝑚 + 2.  Then  

0,
𝑛2

4
,
𝑛2

2
,
3𝑛2

4
  is added to each square and finally certain squares are swapped from the top subsquare to the 

bottom subsquare. Let 𝑀(2𝑘, 𝑘) represent the set of  2𝑘 × 2𝑘  matrices in which every element is either 0 or 1, 
with the sums of each row and column equal to 𝑘 and  let  𝑀4𝑘 be the set of magic squares of order 4𝑘. In 2022, 
Oboudi showed that each matrix  𝐸 ∈ 𝑀(2𝑘, 𝑘)  can be used to construct a magic square in 𝑀4𝑘. The author also 

showed that the number of magic squares of order 4𝑘 is at least  
(2𝑘𝑘 )

2

2
. To prove this result, Oboudi demonstrated 

a comparison of the cardinality of three sets by showing that |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)| ≥ |𝐻| ≥
(2𝑘𝑘 )

2

2
,  where 𝐻 
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represents the set of some bipartite graphs that are defined in a specific way. However, comparing the cardinality 

of the three sets above causes the obtained lower bound  
(2𝑘𝑘 )

2

2
  to possibly deviate from the true value of |𝑀4𝑘|. 

To reduce this error, in this paper we use a new procedure that is simpler than Oboudi's technique and can obtain 
a lower bound of |𝑀4𝑘| that is closer to the true value. 

Methodology: From Oboudi's inequality |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)| ≥ |𝐻| ≥
(2𝑘𝑘 )

2

2
, in this study we will only consider the 

condition |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)|  and aim at counting the number of matrices in 𝑀(2𝑘, 𝑘). This procedure will not 
compare the number of elements in the set  𝑀(2𝑘, 𝑘)  with other sets. Therefore, it reduces the potential for error. 
We will begin by considering the condition |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)| again. Some details of such a condition that have 
not been discussed in Oboudi's work will be presented in this study. We will present two algorithms for constructing 
matrices in  𝑀(2𝑘, 𝑘) and prove their correctness. Then we will show that the output matrices from both algorithms 
will always be different.  After that, we will present formulas to count the number of matrices obtained from both 
algorithms, one of which is the lower bound that Oboudi has presented in 2022. Then we combine the number of 
matrices obtained from the two algorithms to find a new lower bound for the number of magic squares of order 4𝑘. 
Main Results:  We have presented the conditions under which the inequality |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)| is true.  After 
that, two algorithms for constructing matrices in 𝑀(2𝑘, 𝑘)  are presented. Both algorithms produce different 
matrices. To obtain a new lower bound for the number of magic squares of order 4𝑘, formulas for counting matrices 

obtained from both algorithms are investigated. The first is  
(2𝑘𝑘 )

2

2
, which is the lower bound of Oboudi, and the 

second is (2𝑘
𝑘
) ∙  ∑  ((𝑘!)𝑘−𝑡∏ 𝑃𝑘−𝑡−1

𝑖=0 (2𝑘 − 𝑡 − 𝑖, 𝑘))𝑘−1
𝑡=1 .  After combining the two formulas together, a 

modified  lower bound for the number of magic squares of order 4𝑘 is introduced,  which is 

(2𝑘
𝑘
)
2

2
+ (
2𝑘

𝑘
) ∙  ∑  ((𝑘!)𝑘−𝑡 ∏ 𝑃

𝑘−𝑡−1

𝑖=0

(2𝑘 − 𝑡 − 𝑖, 𝑘))

𝑘−1

𝑡=1

. 

Conclusions:  This research is a study of a lower bound for the number of magic squares of order 4𝑘 using the 
concept from Oboudi's work. The result obtained from this study is a lower bound that are closer to the true value 
of  |𝑀4𝑘|  than the original values. The new lower bound is obtained by two algorithms of constructing matrices in 

𝑀(2𝑘, 𝑘). We found that the matrices obtained from the two algorithms are different and there are exactly (
2𝑘
𝑘 )
2

2
 

matrices obtained from the first algorithm.  This number is equal to the lower bound that Oboudi studied in 2022, 
but here we use a simpler proof.  Moreover, we proved that the second algorithm can construct at least  (2𝑘

𝑘
) ∙

 ∑  ((𝑘!)𝑘−𝑡∏ 𝑃𝑘−𝑡−1
𝑖=0 (2𝑘 − 𝑡 − 𝑖, 𝑘))𝑘−1

𝑡=1  matrices. Finally, when the number of matrices obtained by the two 
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constructions are combined, a new and better lower bound for the number of magic squares of order 4𝑘 is 
obtained. 
Keywords:  magic square; square matrix; enumerating magic squares 
 
*Corresponding author. E-mail: boorapa_sin@cmru.ac.th  

 
Introduction 
 Magic squares of order  𝑛  are  𝑛 × 𝑛 square grids or  𝑛 × 𝑛 matrices consisting of the distinct positive 
integers 1,2,3,… , 𝑛2 arranged such that the sums of the numbers in any horizontal, vertical and both diagonal 
lines are always the same number, known as the magic constant or magic sum. It has long been known that the 

magic sum for a magic square of order  𝑛  is calculated by the formula  𝑛(𝑛
2+1)

2
  (Kraitchik, 1942). For example, the 

following is a magic square of order 3 whose magic sum is  3(3
2+1)

2
= 15 : 

 

[
2 7 6
9 5 1
4 3 8

]. 

 
 The above definition is the most common type of magic squares, which is sometimes called a normal 
magic square. However, the concept extends to various definitions based on the numbers used and additional 
properties. For example, let  𝑘 and  𝑟 be fixed nonnegative integers. Recently, Singha (Singha, 2020) introduced a 
special type of 3 × 3  magic squares which is denoted by 𝑀3(𝑘, 𝑟). This set consists of all  3 × 3  matrices such 
that all entries are greater than or equal to 𝑘 with repetition allowed  and the sums along rows, columns, and all the 
entries from the upper left corner to the lower right corner are equal to 𝑟. He presented an algorithm for constructing 
magic squares in 𝑀3(𝑘, 𝑟) and  gave a formula to count the number of these magic squares. The topic of creating 
and counting magic squares were also studied in several other papers (Beck & Van Herick, 2011; Benjamin & 
Brown, 2014; Das, 1991; Kato & Minato, 2020; Triantafyllou, 2022). 

For any positive integer 𝑘, let  𝑀4𝑘  be the set of all magic squares of order 4𝑘 and  𝑀(2𝑘, 𝑘) be the set 
of all 2𝑘 × 2𝑘 matrices whose entries are either 0  or 1  with the sums of each row and column equal to 𝑘. In 2022, 
Oboudi (Oboudi, 2022)  showed that, each matrix in  𝑀(2𝑘, 𝑘)  can be used to construct a magic square in 𝑀4𝑘.  
For convenience and clarity, we quote such method as follows. 
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Theorem 1. (Oboudi, 2022) Let  𝐴𝑛 = [𝑎𝑖,𝑗] be a  𝑛 × 𝑛 matrix defined by : 𝑎𝑖,𝑗 = (𝑖 − 1)𝑛 + 𝑗.  For any  
 𝐸 = [𝑒𝑖,𝑗] ∈ 𝑀(2𝑘, 𝑘), a magic square  ∅(𝐸) of order 4𝑘 can be constructed by swapping the entries of  𝐴4𝑘  
by the following rules: 
(1)  If 𝑒𝑖,𝑗 = 1, then substitute 𝑎𝑖,𝑗  with 𝑎𝑛+1−𝑖,𝑗 and substitute  𝑎𝑖,𝑛+1−𝑗   with 𝑎𝑛+1−𝑖,𝑛+1−𝑗. 
(2)  If 𝑒𝑖,𝑗 = 0, then substitute 𝑎𝑖,𝑗  with 𝑎𝑖,𝑛+1−𝑗 and substitute  𝑎𝑛+1−𝑖,𝑗  with 𝑎𝑛+1−𝑖,𝑛+1−𝑗.   

For example, let 𝑘 = 1  and choose 𝐸 = [0 1
1 0

] ∈ 𝑀(2,1). We follow the rules as follows. 
Since 𝑒1,1 = 0, we swap 𝑎1,1 with 𝑎1,4 and swap 𝑎4,1 with 𝑎4,4 by the rule (2).  
Since 𝑒1,2 = 1, we swap 𝑎1,2 with 𝑎4,2 and swap 𝑎1,3 with 𝑎4,3 by the rule (1).  
Since 𝑒2,1 = 1, we swap 𝑎2,1 with 𝑎3,1 and swap 𝑎2,4 with 𝑎3,4 by the rule (1).  
Since 𝑒2,2 = 0, we swap 𝑎2,2 with 𝑎2,3 and swap 𝑎3,2 with 𝑎3,3 by the rule (2).  

By writing the matrix  𝐴4𝑘 = 𝐴4 according to the definition and swapping the entries of  𝐴4 according to the two 

rules, we obtain the following magic square ∅(𝐸) of order 4  whose magic sum is  4(4
2+1)

2
= 34. 

 

𝐴4 = [

1 2
5 6

3 4
7 8

9 10
13 14

11 12
15 16

]   
swap entries
→            ∅(𝐸) = [

4 14
9 7

15 1
6 12

5 11
16 2

10 8
3 13

]. 

 
After proving Theorem 1, Oboudi claimed that |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)| and then compared the size of the 

set   𝑀(2𝑘, 𝑘) with the set  𝐻 containing some bipartite graphs. He found that  |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)| ≥ |𝐻| ≥
(2𝑘𝑘 )

2

2
, which led him to conclude that  

(2𝑘𝑘 )
2

2
 is a lower bound of  |𝑀4𝑘|. 

 When we observe how Oboudi's method works, we found that this method relies on multiple comparisons 
of set sizes. So, each time the comparison is made, each error occurred. Therefore, to reduce errors, we will 

consider only an inequality |𝑀
4𝑘
| ≥ |𝑀(2𝑘, 𝑘)| and we will try to count the number of matrices in the set 

𝑀(2𝑘, 𝑘) as much as possible. The number we count will be a lower bound of |𝑀4𝑘| , which is expected to be 
better than the previous number. 
 

Methodology 
In this section, we prepare some materials used throughout this paper, namely, notations, the basic 

definitions, and preliminary results.  
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In view of Theorem 1, we know that each matrix  𝐸 ∈ 𝑀(2𝑘, 𝑘) produces a magic square ∅(𝐸) ∈ 𝑀4𝑘. 
But this theorem alone is not enough to conclude that |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)| since we do not know whether it is 
possible for different matrices 𝐸1, 𝐸2, … , 𝐸𝑛  in  𝑀(2𝑘, 𝑘) to give the same magic square ∅(𝐸1) = ∅(𝐸2) =
⋯ = ∅(𝐸𝑛) in 𝑀4𝑘. Therefore, in order to ensure that the study results are completely accurate, we are required 
to present the following results, which have not been discussed in Oboudi’s work (Oboudi, 2022). 
Lemma 1. If  𝐸1 and  𝐸2  are different matrices in 𝑀(2𝑘, 𝑘), then ∅(𝐸1) ≠ ∅(𝐸2). 
Proof. Suppose that 𝐸1 = [𝑒𝑖,𝑗], 𝐸2 = [𝑒𝑖,𝑗′ ] ∈ 𝑀(2𝑘, 𝑘)  such that 𝐸1 ≠ 𝐸2 . Then 𝑒𝑖,𝑗 ≠ 𝑒𝑖,𝑗′   for some 𝑖, 𝑗  . 
Without loss of generality, we may assume 𝑒𝑖,𝑗 = 1 and 𝑒𝑖,𝑗′ = 0.  Then Theorem 1 implies that, the entry 𝑎𝑖,𝑗 of 
𝐴4𝑘  is in the 𝑛 + 1 − 𝑖 th row, 𝑗 th column of ∅(𝐸1), while the same entry 𝑎𝑖,𝑗  is in the 𝑖 th row, 𝑛 + 1 − 𝑗 th 
column of ∅(𝐸2). Since ∅(𝐸2) contains all entries of 𝐴4𝑘 and these entries are all distinct, we get that the 𝑛 +

1 − 𝑖 th row, 𝑗 th column of ∅(𝐸2) is not equal to 𝑎𝑖,𝑗. Therefore, the 𝑛 + 1 − 𝑖 th row, 𝑗 th column of ∅(𝐸1) and  
∅(𝐸2) contain different entries of 𝐴4𝑘. Hence, ∅(𝐸1) ≠ ∅(𝐸2).      ∎ 
 From the above lemma, if  we let  𝜔 ∶  𝑀(2𝑘, 𝑘) →  𝑀4𝑘  be defined by 𝜔(𝐸) = ∅(𝐸), then it is clear 
that  𝜔 is an injective function. Therefore, we can conclude that |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)|. 

 In what follows, for a matrix  𝐸 ∈ 𝑀(2𝑘, 𝑘), we denote by 𝑟𝑖 the 𝑖 th row of 𝐸. For convenience, we may 
consider  𝑟𝑖 as a sequence of two numbers 0 and 1 with length 2𝑘  for which the sum of all numbers in this 
sequence is equal to 𝑘. In particular, to refer to a row of 𝐸 without specifying its location, we may simply use the 
notation 𝑟 instead of 𝑟𝑖. 
Example 1. Let 𝑘 = 3 and consider the following matrix in 𝑀(6,3). 

𝐸 =

[
 
 
 
 
 
1 1 1
0 0 1
1 0 0

0 0 0
1 1 0
0 1 1

0 1 1
1 0 0
0 1 0

1 0 0
0 1 1
1 0 1]

 
 
 
 
 

 

 
Then  𝑟1 = 1,1,1,0,0,0 , 𝑟2 = 0,0,1,1,1,0 , 𝑟3 = 1,0,0,0,1,1 , 𝑟4 = 0,1,1,1,0,0 , 𝑟5 = 1,0,0,0,1,1  and 𝑟6 =
0,1,0,1,0,1. 

Definition 1. Let  𝐸 ∈ 𝑀(2𝑘, 𝑘) and let  𝑟 be a row of 𝐸.  We call   𝑟′ an opposite row of  𝑟 if  𝑟′  is a row of 𝐸 
obtained by changing all numbers in 𝑟 from 0 to 1  and 1 to 0. 
Example 2. Consider the matrix  𝐸 in Example 1. We see that  𝑟3 = 𝑟5  and they are opposite to  𝑟4,  while 𝑟1, 𝑟2  
and  𝑟6 have no opposite rows. 
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 Throughout this paper, the notation (𝑛
𝑘
) denotes the number of ways to choose 𝑘 elements from a set of 𝑛 

distinct elements, without regard to the order in which the elements are selected. The formula is expressed as 

(𝑛
𝑘
) =

𝑛!

(𝑛−𝑘)!𝑘!
 . In addition, the notation 𝑃(𝑛, 𝑘), where 𝑃(𝑛, 𝑘) = 𝑛!

(𝑛−𝑘)!
, represents the number of ways to 

arrange 𝑘 elements selected from 𝑛 distinct elements where order matters. 

Lemma 2. Let  𝐸 ∈ 𝑀(2𝑘, 𝑘) and let  𝑅2𝑘  be the set of all rows that can occur in 𝐸. Then |𝑅2𝑘| = (2𝑘𝑘 ). 
Proof. Suppose that 𝐸 ∈ 𝑀(2𝑘, 𝑘)  and let 𝑟 be a row of  𝐸. Since  𝑟 is a sequence of 0 and 1 with length 2𝑘 
where the sum of all numbers in this sequence is 𝑘, there are the same 𝑘 numbers of 1s and 0s in this sequence. 
Then,  𝑘 positions in this sequence are selected from a total of 2𝑘 positions to be filled with 1s, and any positions 
not selected are automatically filled with 0s. It follows that there are (2𝑘

𝑘
) possible ways to form a row  𝑟 of 𝐸. Hence 

|𝑅2𝑘| = (
2𝑘
𝑘
).             ∎ 

 

Results    
 In this section, we first present two algorithms for constructing some matrices in 𝑀(2𝑘, 𝑘) and give 
examples of how the algorithms work. After that, we prove the correctness of both algorithms. Finally, we present 
formulas for counting the output matrices of the algorithms which give a new lower bound for the number of magic 
squares of order 4𝑘. 
Algorithm 𝐴. The following algorithm produces matrices in 𝑀(2𝑘, 𝑘)  which contain 𝑘 rows of  𝑟 and  𝑘  rows of  
𝑟′ for some 𝑟 ∈ 𝑅2𝑘 . 

Input :  A blank matrix of order 2𝑘. 
Step 1 : Choose 𝑟 ∈ 𝑅2𝑘 and select 𝑘 rows of the matrix, then fill  𝑟  into these  𝑘  rows. 
Step 2 : For the remaining 𝑘 rows that were not selected in Step 1, fill each row with 𝑟′. 
Output : A matrix in 𝑀(2𝑘, 𝑘)  consisting of 𝑘 rows of  𝑟 and 𝑘 rows of 𝑟′. 

Example 3. Let 𝑘 = 4, a matrix in 𝑀(8,4) can be constructed using algorithm 𝐴 as follows. 
Step 1. We choose 𝑟 = 0,1,1,0,0,0,1,1 ∈ 𝑅2𝑘 = 𝑅8 and select the 1st, 3rd , 4th and 8th row to be filled  with 𝑟. We 
get the following matrix. 
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[
 
 
 
 
 
 
 
 
0 1 1 0

0 1
0 1

1 0
1 0

0 0 1 1

0 0
0 0

1 1
1 1

0 1 1 0 0 0 1 1 ]
 
 
 
 
 
 
 
 

 

 
Step 2. For the remaining rows, we fill 𝑟′ = 1,0,0,1,1,1,0,0 into these rows. Then we get the following matrix, which 
is in 𝑀(8,4). 

[
 
 
 
 
 
 
 
0 1
1 0

1 0
0 1

0 1
0 1

1 0
1 0

0 0
1 1

1 1
0 0

0 0
0 0

1 1
1 1

1 0
1 0

0 1
0 1

1 0
0 1

0 1
1 0

1 1
1 1

0 0
0 0

1 1
0 0

0 0
1 1]

 
 
 
 
 
 
 

 

 
Theorem 2. The proof of algorithm 𝐴. 
Proof. Suppose that 𝐸 is a matrix obtained by the algorithm 𝐴. Since each row of 𝐸 is either 𝑟 or 𝑟′, it is clear that 
the sum of each row is equal to the sum of all numbers in 𝑟 or 𝑟′, which is equal to 𝑘. Next, let 𝑐𝑗 be the 𝑗 th column 
of 𝐸. Since 𝐸 contains 𝑘 rows of  𝑟 and 𝑘 rows of 𝑟′, we get that  𝑐𝑗 contains 𝑘 numbers of the 𝑗 th position of 𝑟 
and also contains  𝑘 numbers of the 𝑗 th position of  𝑟′. If  the 𝑗 th position of 𝑟 is equal to 1, then the 𝑗 th position 
of 𝑟′ is equal to 0. On the other hand, if  the 𝑗 th position of 𝑟 is equal to 0, then the 𝑗 th position of 𝑟′ is equal to 1. 
In both cases, the sum of all 2𝑘 numbers in 𝑐𝑗 is equal to 𝑘. Finally, since 𝑗 is arbitrary, we can conclude that the 

sum of each column of 𝐸 is equal to 𝑘. Therefore, 𝐸 ∈ 𝑀(2𝑘, 𝑘) and the proof is completed.  ∎ 
In what follows, for 𝐸 ∈ 𝑀(2𝑘, 𝑘), we let  𝐶0 be the set of all columns of 𝐸 with 0 at the top and let  𝐶1 

be the set of all columns of 𝐸 with 1 at the top. It is clear that |𝐶0|= |𝐶1| = 𝑘 . Now, we are ready to present the 
second algorithm. 
Algorithm 𝐵. The following algorithm produces matrices in 𝑀(2𝑘, 𝑘)  which contain 𝑡 repeating rows at the top, 
where  1 ≤ 𝑡 ≤ 𝑘 − 1. 

Input :  A blank matrix of order 2𝑘. 
Step 1 : Choose 𝑟 ∈ 𝑅2𝑘 and let 𝑡 be a fixed integer such that 1 ≤ 𝑡 ≤ 𝑘 − 1 . Fill the first  𝑡 rows of the 

matrix with a sequence  𝑟. 



                                                                      
                                    วารสารวิทยาศาสตรบ์รูพา ปีที่ 31 (ฉบบัที่ 2)  พฤษภาคม  –  สิงหาคม  พ.ศ. 2569 

                                    BURAPHA SCIENCE JOURNAL Volume 31 (No.2)  May  – August   2026                                   Research Article 

 

 
 

 559 
 

Step 2 :  For the remaining 2𝑘 − 𝑡 rows, use the following procedure: 
2.1 For any column in 𝐶1, fill 𝑘 numbers of  1s in these columns, one  per column, without filling 

repeatedly in the same row.  
2.2 For any column in 𝐶0, in the rows filled with 1s  from Step 2.1, fill these rows with 𝑘 numbers 

of  0s , one per row and spreading them across each column in 𝐶0. 
  Repeat steps 2.1 and 2.2  𝑘 − 𝑡  times. 

Step 3 :  For the remaining positions in each column in 𝐶1, fill 0s  into these positions.   
Step 4 :  Fill 1s  into the remaining positions, which are in the columns in 𝐶0. 

Output : A matrix in 𝑀(2𝑘, 𝑘)  which contains 𝑡 repeating rows at the top. 
To clarify how the above algorithm works, we present an example of constructing a matrix in 𝑀(2𝑘, 𝑘) 

using  algorithm 𝐵. This example will also help to understand the proof that will be presented later.  
 

Example 4. Let 𝑘 = 4, then a matrix in 𝑀(8,4) can be constructed using algorithm 𝐵 as follows. 
Step 1. Choose 𝑟 = 1,1,1,1,0,0,0,0 ∈ 𝑅8  and let 𝑡 be a fixed integer such that 1 ≤ 𝑡 ≤ 3, here, we choose 𝑡 =
2. After filling 𝑟  into the first 2 rows, we get the following matrix.  

[
 
 
 
 
 
 
 
 
1 1
1 1

1 1
1 1

0 0
0 0

0 0
0 0

]
 
 
 
 
 
 
 
 

 

 
Step 2. For the last 6 rows, since 𝑘 − 𝑡 = 2,  we repeat Steps 2.1 and 2.2 a total of 2 times. To see the steps 
clearly, we will use 1′ and 1̅ to represent the number 1 that will be filled in Step 2.1 in the first and second times 
respectively. The notations 0′ and 0̅ will be used in a similar way for Step 2.2. Now, for Step 2.1, by filling 1′s in 
every column in  𝐶1 = {𝑐1, 𝑐2, 𝑐3, 𝑐4}, one  per column,  without filling repeatedly in the same row. Here, we perform 
this step as follows. 
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[
 
 
 
 
 
 
 
 
1 1
1 1

1 1
1 1

1′

0 0
0 0

0 0
0 0

1′
1′

1′

]
 
 
 
 
 
 
 
 

 

 
Next, for Step 2.2, since  𝑟4, 𝑟5, 𝑟6 and 𝑟7 have been filled in Step 2.1, these rows must be continued according to 
Step 2.2. So, we fill 4 number of 0′s into these rows, one per row and one per each column in 𝐶0 = {𝑐5, 𝑐6, 𝑐7, 𝑐8}. 
We get the following matrix. 

[
 
 
 
 
 
 
 
 
1 1
1 1

1 1
1 1

1′

0 0
0 0

0 0
0 0

0′

1′
1′

1′

0′

0′

0′

]
 
 
 
 
 
 
 
 

 

 
Steps 2.1 and 2.2 must be performed again. Here, we choose  𝑟4, 𝑟6, 𝑟7 and 𝑟8  as the rows to be filled with 1̅s. 
Then 0̅s must be filled in these rows as well. And, as before, 1̅s must be filled to every column in 𝐶1  and  0̅s must 
be filled to every column in 𝐶0. Then we have the following matrix. 

[
 
 
 
 
 
 
 
 
1 1
1 1

1 1
1 1

1′ 1̅

0 0
0 0

0 0
0 0

0′

1′
1′

1̅

1̅

1̅

1′

0′

0′

0′

]
 
 
 
 
 
 
 
 

 →  

[
 
 
 
 
 
 
 
 
1 1
1 1

1 1
1 1

1′ 1̅

0 0
0 0

0 0
0 0

0̅ 0′

1′
1′

1̅

1̅

1̅

1′

0′

0′ 0̅

0̅ 0′

0̅ ]
 
 
 
 
 
 
 
 

  

 
Step 3 and Step 4. We follow Step 3 and Step 4 by filling 0s into the remaining positions of all columns in 𝐶1 . After 
that, we fill 1s into the remaining positions of all columns in 𝐶0, Then we get the following matrix which is a matrix 
in 𝑀(8,4). 
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[
 
 
 
 
 
 
 
1 1
1 1

1 1
1 1

0 0
1′ 0

0 0
0 1̅

0 0
0 0

0 0
0 0

1 1
0̅ 1

1 1
0′ 1

0 0
0 1′

0 1′

1̅ 0
0 1̅
1̅ 0

1′ 0
0 0

1 0′

0′ 0̅
1 1
1 1

1 1
1 1

0̅ 0′

1 0̅ ]
 
 
 
 
 
 
 

 =  

[
 
 
 
 
 
 
 
1 1
1 1

1 1
1 1

0 0
1 0

0 0
0 1

0 0
0 0

0 0
0 0

1 1
0 1

1 1
0 1

0 0
0 1

0 1
1 0

0 1
1 0

1 0
0 0

1 0
0 0

1 1
1 1

1 1
1 1

0 0
1 0]

 
 
 
 
 
 
 

. 

 
Example 5. Let 𝑘 = 3, we can construct a matrix in 𝑀(6,3) using algorithm 𝐵 as follows. 
Step 1. Choose 𝑟 = 0,0,1,0,1,1 ∈ 𝑅6  and let 𝑡 be a fixed integer such that 1 ≤ 𝑡 ≤ 2, Here, we choose 𝑡 = 2. 
We fill the first 2 rows with 𝑟, then we get the following matrix. 
 

[
 
 
 
 
 
 
0 0
0 0

1 0
1 0

1 1
1 1

]
 
 
 
 
 
 

 

 
Step 2. For the last 4 rows, we follow Steps 2.1 and 2.2 only one time as 𝑘 − 𝑡 = 1. We fill 1s into every column in  
𝐶1 = {𝑐3, 𝑐5, 𝑐6} , one  per column,  without filling repeatedly in the same row. After that, we fill  0s into each column 
in 𝐶0 = {𝑐1, 𝑐2, 𝑐4}  under the rules of Step 2.2. We get the following matrix. 

[
 
 
 
 
 
 
0 0
0 0

1 0
1 0

1 1
1 1
1

1

1 ]
 
 
 
 
 
 

 →  

[
 
 
 
 
 
 
0 0
0 0

1 0
1 0

1 1
1 1

0

0

1

1

1 0 ]
 
 
 
 
 
 

 

 
Step 3 and Step 4. We fill 0s  and 1s  into the remaining positions of all columns in 𝐶1 and  𝐶0, respectively. Then 
we get the following matrix which is a matrix in 𝑀(6,3). 

[
 
 
 
 
 
0 0
0 0

1 0
1 0

1 1
1 1

0 1
1 0

0 1
0 1

1 0
0 1

1 1
1 1

0 1
1 0

0 0
0 0]

 
 
 
 
 

. 
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We observe that, Step 2.1 of algorithm 𝐵 can always be done. This because  |𝐶1| = 𝑘, so we can fill 
exactly 𝑘 numbers of 1s to all columns in 𝐶1, one per column. Moreover, after Step 1 is completed, we are left with  
2𝑘 − 𝑡 blank rows at the bottom of the matrix. So, there is still enough space to fill  𝑘 − 𝑡 numbers of 1s, one per 
row in some of these 2𝑘 − 𝑡 rows. Step 2.2 can always be performed as well, by the same reasons. 

Now we are ready to prove the correctness of algorithm 𝐵. 
Theorem 3. The proof of algorithm 𝐵. 
Proof. Suppose that 𝐸 is a matrix obtained by algorithm 𝐵. We first show that the sum in every row of  𝐸 is equal to 
𝑘. It is clear from Step 1 that, the sum in the first 𝑡 rows is equal to 𝑘 as each of these rows contains a sequence  𝑟 
which has  𝑘 entries of 1s and 𝑘 entries of 0s. For the last  2𝑘 − 𝑡 rows which are processed according to Steps 
2.1 and 2.2, we see that each time Steps 2.1 and 2.2 are executed, if a 1 is filled into any row, then a 0 is filled into 
that row as well. So, after repeating Steps 2.1 and 2.2  𝑘 − 𝑡 times, if any row contains any number of 1s, then that 
row must contain the same number of 0s, but may not be equal to the number of 1s (which is equal to 0s) in other 
rows. We assume that this row contains  𝑝 number of 1s and  𝑝 number of 0s.  After performing Steps 3 and 4, 
𝑘 − 𝑝 number of 0s and 𝑘 − 𝑝 number of 1s will be filled in the remaining position of  this row. Therefore, the sum 
of all numbers in this row is equal to the number of all 1s appearing in the row, which is  𝑝 + (𝑘 − 𝑝) = 𝑘.  
However, after performing Steps 2.1 and 2.2 to the last  2𝑘 − 𝑡 rows, there may still be some rows that have not 
been filled with 1s and 0s, that is, these rows are still blank. These rows will then continue with Steps 3 and 4, and 
finally these rows are filled with 0s in every column in 𝐶1,  and 1s in every column in 𝐶0. In other words, these rows 
are filled with 𝑟′, the opposite row of 𝑟. Then the sum in each of these rows is equal to the sum of all numbers in   
𝑟′ which is equal to  𝑘. Therefore, the first part of the proof is completed. 

Next, we will show that the sum in every column of 𝐸 is equal to 𝑘. We first consider  all  columns in 𝐶1.  
After Step 1 is completed, all columns in 𝐶1 are filled with 1s in the first 𝑡 rows of each column. We also see that 
every time Step 2.1 is done, a 1 is filled to each column in  𝐶1, one per column. Therefore, after repeating Step 2.1 
𝑘 − 𝑡  times, each of these column contains  𝑘 − 𝑡  number of 1s in the last  2𝑘 − 𝑡 rows of the column. Thus, 
each column in  𝐶1 contains 𝑡 + (𝑘 − 𝑡) = 𝑘  number of 1s. Next, after Steps 3 is completed, the remaining 
position of these columns are filled with 0s, which does not affect to the sum in the column. Hence, the sum of each 
column in  𝐶1 is equal to 𝑘. To compute the sum in each column in 𝐶0, we see that after Step 1 is completed, each 
of these columns contains 0s in the first 𝑡 rows of the column. For the same reason that we considered the column 
sum in  𝐶1, we can conclude that after repeating Steps 2 .1  and 2 .2   𝑘 − 𝑡  times, we have 𝑡 + (𝑘 − 𝑡) = 𝑘  
numbers of 0s in each column in 𝐶0. Next, all 𝑘 blank positions in each of these column  will be filled with 1s after 
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Steps 4 is completed. Hence, every column in 𝐶0 contains 𝑘 numbers of 0s and 𝑘 numbers of 1s. Therefore, the 

column sums in 𝐶0 is equal to 𝑘. It follows that 𝐸 ∈ 𝑀(2𝑘, 𝑘) and that completes the proof.   ∎ 
Lemma 3. The output matrices from algorithm 𝐴 and the output matrices from algorithm 𝐵 will always be different. 
Proof. Let  𝐸 = [𝑒𝑖,𝑗]  be a matrix obtained from algorithm 𝐵. Then all rows of 𝐸 can be divided into three types as 
follows: 

(1) the first 𝑡 rows of  𝐸 which each row contains the same sequence 𝑟. 
(2) the last 2𝑘 − 𝑡  rows of  𝐸  which are filled with 1s in some columns in 𝐶1, these rows are also filled 

with 0s, with the same number as 1s, in some columns in 𝐶0. 
(3) the last 2𝑘 − 𝑡  rows of  𝐸 which are still blank after Step 2.1 and 2.2 are completed, but finally these 

rows are filled with a sequence  𝑟′ by Steps 3 and 4. 

We notice that, while Steps 2.1 and 2.2  are being repeated, if we fill in 1s to cover all 2𝑘 − 𝑡  rows, then 
the set of  rows of type (3) will be empty.  We first show that these three types of rows are different. Clearly, the rows 
of type (1) and (3) are different. Next, suppose that 𝐶1 = {𝑐𝑗1 , 𝑐𝑗2 , … , 𝑐𝑗𝑘} and let the 𝑠th row, which contains a 
sequence  𝑒𝑠,1, 𝑒𝑠,2, … , 𝑒𝑠,2𝑘, be an arbitrary row of type (2). By Step 2.1, 𝑘 numbers of 1s must be filled into 
𝑐𝑗1 , 𝑐𝑗2 , … , 𝑐𝑗𝑘, one  per column, without filling repeatedly in the same row. So, after the 𝑠th row has been repeated 
in this step 𝑘 − 𝑡 times, there can be at most 𝑘 − 𝑡  number of 1s in the set {𝑒𝑠,𝑗1 , 𝑒𝑠,𝑗2 , … , 𝑒𝑠,𝑗𝑘}. This implies 
that, after Step 3 is completed, some entries in this set are zeros. In other words, some of the 𝑗1th, 𝑗2th, … , 𝑗𝑘th 
entries of  the 𝑠th row are zeros. Since 𝐶1 = {𝑐𝑗1 , 𝑐𝑗2 , … , 𝑐𝑗𝑘}, we get that the 𝑗1th, 𝑗2th, … , 𝑗𝑘th entries of  𝑟  are 
all equal to 1, that is 𝑒1,𝑗1 = 𝑒1,𝑗2 = ⋯ = 𝑒1,𝑗𝑘 = 1. Therefore, the 𝑠th row is not equal to  𝑟 as they contain 
different number at the same position. Thus, we conclude that the rows of type (2) are different from type (1). 
Moreover, since the 𝑠th row is a row of type (2), the set  {𝑒𝑠,𝑗1 , 𝑒𝑠,𝑗2 , … , 𝑒𝑠,𝑗𝑘} contains an elements whose value is 
1. Without loss of generality, suppose that  𝑒𝑠,𝑗1 = 1. Next, since the 𝑗1th entry of 𝑟 is 𝑒1,𝑗1 = 1, this implies that 
the 𝑗1th entry of 𝑟′ is 0. It follows that the 𝑠th row is not equal to  𝑟′ as the 𝑗1th entries of them are not equal. 
Therefore, we deduce that the rows of type (2) are different from type (3). So these three types of rows are all 
different.  

Now, let  𝐹 be a matrix obtained from algorithm 𝐴. It is clear that each row of 𝐹 is either a sequence 𝑟 or  
𝑟′ for some 𝑟 ∈ 𝑅2𝑘 whereas the matrix 𝐸 obtained from algorithm 𝐵 contains at least two types of rows. The first 
of which is a row of type (1), which is a sequence 𝑟 selected from 𝑅2𝑘, and the second one is a row of type (2) 

which is neither  𝑟 nor 𝑟′. Therefore, the output matrices obtained from algorithms 𝐴 and 𝐵 are different.  ∎ 
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From the above lemma, the matrices obtained by algorithms 𝐴 and 𝐵 are different, so if we count the 
number of matrices obtained by each algorithm and add them together, there will be no double counting. Moreover, 
since |𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)|, this sum will lead to a lower bound of |𝑀4𝑘|, as will be proved in the following. 
Theorem 4. The number of magic square of order 4𝑘 will have at least 

(2𝑘
𝑘
)
2

2
+ (
2𝑘

𝑘
) ∙  ∑  ((𝑘!)𝑘−𝑡 ∏ 𝑃

𝑘−𝑡−1

𝑖=0

(2𝑘 − 𝑡 − 𝑖, 𝑘))

𝑘−1

𝑡=1

. 

Proof. Let  𝐸  be a matrix obtained from algorithm 𝐴. We will count the number of ways that this matrix can be 
constructed. It can be seen from the algorithm that the number of output matrices depend on the number of ways 
that we choose 𝑟 ∈ 𝑅2𝑘 and the number of ways in which we can select 𝑘 rows from a total of 2𝑘 rows to be filled 

with 𝑟. In total, we have (2𝑘
𝑘
)(2𝑘
𝑘
) = (2𝑘

𝑘
)
2
  ways to do both of these steps together. In fact, suppose that  𝑈 is a 

set of 𝑘 rows selected from a total of 2𝑘 rows of 𝐸 and  𝑉 is a set of the rest  𝑘 rows of 𝐸. By algorithm 𝐴, if we fill 
all rows in 𝑈 with 𝑟, then 𝑟′ must be filled in every row in 𝑉. In another way, if  all rows in 𝑉 are first selected and 
filled with 𝑟′ , then all rows in 𝑈 will be filled with 𝑟. Both of these operations give the same output matrix in 

𝑀(2𝑘, 𝑘). So, to avoid double counting, we must divide (2𝑘
𝑘
)
2

 by 2. Hence, the number of matrices constructed 

from algorithm 𝐴 is  
(2𝑘𝑘 )

2

2
 .  

Next , we will count the number of matrices obtained from algorithm 𝐵. It can be seen from the algorithm 
that, if we change at least one of the following : a sequence 𝑟 ∈ 𝑅2𝑘, an integer 𝑡 which is the number of repeating 
rows in the top of the matrix, or the way we fill 1s and 0s in the last 2𝑘 − 𝑡  rows, then we get a different output 
matrix of the algorithm. Therefore, the number of ways to construct the matrix depends on the number of ways to 
perform each of these steps. After filling 𝑟 to the first 𝑡 rows in Step 1, we continue  with Step 2.1. and we suppose 
that 𝐶1 = {𝑐𝑗1 , 𝑐𝑗2 , … , 𝑐𝑗𝑘}. To fill  𝑘 numbers of 1s  into columns in 𝐶1, we have 2𝑘 − 𝑡  ways to fill a 1 to 𝑐𝑗1 .  By 
the rule of Step 2.1, these numbers must not be filled in the same row. So, we have 2𝑘 − 𝑡 − 1 ways to fill a 1 to 

𝑐𝑗2 , …, 2𝑘 − 𝑡 − (𝑘 − 2) = 𝑘 − 𝑡 + 2 ways to fill a 1 to 𝑐𝑗𝑘−1 and  2𝑘 − 𝑡 − (𝑘 − 1) = 𝑘 − 𝑡 + 1 ways to 
fill a 1 to 𝑐𝑗𝑘.  Next, in Step 2.2, we have to fill 𝑘 numbers of 0s to 𝑘 rows that have been filled with 1s from Step 
2.1 and fill in all 𝑘 columns in 𝐶0. So, we have 𝑘!  ways  to complete this step. Next, we repeat Steps 2.1 and 2.2 
again. To fill a 1 to each columns in 𝐶1 the second time, we have to avoid the position in the same column that has 
been filled with a 1 in the previous time. Therefore, to perform Step 2.1 the second time, we have 2𝑘 − 𝑡 − 1  ways 
to fill a 1 to 𝑐𝑗1 . To fill a 1 to 𝑐𝑗2 , if a 1 that has just filled in 𝑐𝑗1  is in the different row from a 1 that was filled in 𝑐𝑗2  in 
the first time, then we have  2𝑘 − 𝑡 − 1 − 1 = 2𝑘 − 𝑡 − 2   ways to  fill a 1 to 𝑐𝑗2 . On the other hand, if they are 
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in the same row, then we have 2𝑘 − 𝑡 − 1 ways to  fill a 1 to 𝑐𝑗2 .  However, since the purpose of this counting is 
only to find the lower bound, so we may conclude that there are at least 2𝑘 − 𝑡 − 2  ways to fill a 1  to 𝑐𝑗2 . Similarly, 
there are at least 2𝑘 − 𝑡 − 3  ways to fill a 1  to 𝑐𝑗3 , …,  there are at least 2𝑘 − 𝑡 − (𝑘 − 1) = 𝑘 − 𝑡 + 1 ways 
to fill a 1  to 𝑐𝑗𝑘−1 and there are at least 2𝑘 − 𝑡 − 𝑘 = 𝑘 − 𝑡  ways to fill a 1 to 𝑐𝑗𝑘.  Like in the first time that we 
perform Step 2.2, we have 𝑘!  ways  to complete  Step 2.2 the second time.  Similarly, each time Steps 2.1 and 2.2 
are executed, the number of ways to proceed can be calculated as follows: 

First time :  (2𝑘 − 𝑡)(2𝑘 − 𝑡 − 1)⋯ (𝑘 − 𝑡 + 2)(𝑘 − 𝑡 + 1) ∙ 𝑘! = (2𝑘−𝑡)!

(𝑘−𝑡)!
∙ 𝑘! 

=
(2𝑘−𝑡)!

(2𝑘−𝑡−𝑘)!
∙ 𝑘! = 𝑃(2𝑘 − 𝑡, 𝑘)𝑘!  ways. 

Second time :  (2𝑘 − 𝑡 − 1)(2𝑘 − 𝑡 − 2)⋯ (𝑘 − 𝑡 + 1)(𝑘 − 𝑡) ∙ 𝑘! = (2𝑘−𝑡−1)!

(𝑘−𝑡−1)!
∙ 𝑘! 

=
(2𝑘−𝑡−1)!

(2𝑘−𝑡−1−𝑘)!
∙ 𝑘! = 𝑃(2𝑘 − 𝑡 − 1, 𝑘)𝑘!  ways. 

Third time :  (2𝑘 − 𝑡 − 2)(2𝑘 − 𝑡 − 3)⋯ (𝑘 − 𝑡)(𝑘 − 𝑡 − 1) ∙ 𝑘! = (2𝑘−𝑡−2)!

(𝑘−𝑡−2)!
∙ 𝑘! 

=
(2𝑘−𝑡−2)!

(2𝑘−𝑡−2−𝑘)!
∙ 𝑘! = 𝑃(2𝑘 − 𝑡 − 2, 𝑘) ∙ 𝑘!  ways. 

⋮   
(𝑘 − 𝑡)th  time :  (2𝑘 − 𝑡 − (𝑘 − 𝑡 − 1))(2𝑘 − 𝑡 − (𝑘 − 𝑡 − 1) − 1)⋯ 

 ⋯(2𝑘 − 𝑡 − (𝑘 − 𝑡 − 1) − (𝑘 − 2))(2𝑘 − 𝑡 − (𝑘 − 𝑡 − 1) − (𝑘 − 1)) ∙ 𝑘! 

 = (𝑘 + 1)(𝑘)⋯3 ∙ 2 ∙ 𝑘! =
(𝑘+1)!

1!
∙ 𝑘! =

(𝑘+1)!

(𝑘+1−𝑘)!
∙ 𝑘! = 𝑃(𝑘 + 1, 𝑘) ∙ 𝑘!  ways. 

By multiplying the number of ways from each time Step 2.1 and 2.2 are performed, we get the following: 
(𝑘!)𝑘−𝑡∏ 𝑃𝑘−𝑡−1

𝑖=0 (2𝑘 − 𝑡 − 𝑖, 𝑘). 
Finally, since  1 ≤ 𝑡 ≤ 𝑘 − 1 and a sequence 𝑟  can be chosen from 𝑅2𝑘 in (2𝑘

𝑘
) ways, we conclude that there 

are at least (2𝑘
𝑘
) ∙  ∑  ((𝑘!)𝑘−𝑡∏ 𝑃𝑘−𝑡−1

𝑖=0 (2𝑘 − 𝑡 − 𝑖, 𝑘))𝑘−1
𝑡=1  matrices obtained from  algorithm 𝐵. Since 

|𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)|, when we combine the number of matrices obtained from both algorithms, we can conclude 

that there are at least   
(2𝑘𝑘 )

2

2
+ (2𝑘

𝑘
) ∙  ∑  ((𝑘!)𝑘−𝑡∏ 𝑃𝑘−𝑡−1

𝑖=0 (2𝑘 − 𝑡 − 𝑖, 𝑘))𝑘−1
𝑡=1  magic squares of order 4𝑘.∎ 

Example 6. By taking 𝑘 = 4  in Theorem 4, we can compute a lower bound for the number of magic squares of 
order 16 as follows:  

          
(84)

2

2
+ (8

4
) ∙  ∑  ((4!)4−𝑡∏ 𝑃3−𝑡

𝑖=0 (8 − 𝑡 − 𝑖, 4))3
𝑡=1    

= 70
2

2
+ 70((4!)3𝑃(7,4)𝑃(6,4)𝑃(5,4) + (4!)2𝑃(6,4)𝑃(5,4) + (4!)𝑃(5,4)) 

= 2,450 + 70((13,824)(840)(360)(120) + (576)(360)(120) + (24)(120)) 

= 2,450 + 70 (501,645,312,000 + 24,883,200 + 2,880) 

= 2,450 + 35,116,913,865,600 
= 35,116,913,868,050. 
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Discussion 
In this paper we develop Oboudi's work by adding some missing details as presented in Lemma 1 .                           

We have also shown that Oboudi's lower bound, which equal  
(2𝑘𝑘 )

2

2
, can be proved more easily than the original 

proof (Oboudi, 2022), which is shown in the first part of Theorem 4. We then present a better lower bound for the 

number of magic squares of order 4𝑘 , which is  
(2𝑘𝑘 )

2

2
+ (2𝑘

𝑘
) ∙  ∑  ((𝑘!)𝑘−𝑡∏ 𝑃𝑘−𝑡−1

𝑖=0 (2𝑘 − 𝑡 − 𝑖, 𝑘))𝑘−1
𝑡=1 .  

However, there are other forms of matrices in 𝑀(2𝑘, 𝑘) besides the two forms presented in this research. For 
example, it can be verified that, if  𝐸 ∈ 𝑀(2𝑘, 𝑘), then a matrix obtained by swapping rows of 𝐸 is still a matrix 
in 𝑀(2𝑘, 𝑘). So if we can count the number of new matrices that are generated by this process, or any other 
process, then we can obtain a better lower bound for |𝑀4𝑘|. This will be left as an open problem for further 
study. 

 

Conclusions  

In this research, we presented the algorithms for constructing two types of matrices in 𝑀(2𝑘, 𝑘). Then, 
the counting formulas for the number of such matrices were also presented. Finally, by the result that                
|𝑀4𝑘| ≥ |𝑀(2𝑘, 𝑘)|, when the two counting formulas are combined, the new lower bound for the number of  𝑀4𝑘 

is obtained, which is  
(2𝑘𝑘 )

2

2
+ (2𝑘

𝑘
) ∙  ∑  ((𝑘!)𝑘−𝑡∏ 𝑃𝑘−𝑡−1

𝑖=0 (2𝑘 − 𝑡 − 𝑖, 𝑘))𝑘−1
𝑡=1 .  
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