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Abstract

Background and Objectives: In statistical data analysis, the validity and reliability of conclusions derived from
hypothesis testing depend on several crucial assumptions. One of the most important assumptions is the
Homogeneity of Variance, which requires that the variance of the data in every studied population must be
equal. This assumption is a necessary condition for widely used statistical tests, such as the t-test for comparing
the means of two populations and F-test for comparing the means of three or more populations. Statisticians
have developed several testing methods to verify this assumption. Traditional methods like Bartlett’s test are
well-known for having high efficiency when the data follow a normal distribution but are extremely sensitive to
violations of normality. Consequently, other tests with greater robustness have been proposed, such as
Levene’s test (in both mean-based and median-based forms), the Non-parametric Levene’s test, O'Brien’s test,
and the Fligner-Killeen test, each of which has different characteristics and efficiency depending on the nature
of the data, such as skewness, kurtosis, and sample size.Currently, real-world data are often more complex
than a single probability distribution, frequently appearing in the form of a mixture distribution. The mixture
normal distribution is a very common probability distribution found in empirical research, such as in financial
markets, medicine, and epidemiology. Using standard normal models is therefore insufficient for explaining
these data. Studying the efficiency of homogeneity of variance tests under mixture distributions is critically
necessary. This research, therefore, aims to study and compare the efficiency of six homogeneity of variance
tests: Bartlett's test, Mean-based Levene’s test, Median-based Levene's test, Non-parametric Levene’s test,
O'Brien’s test, and the Fligner-Killeen test, focusing on three population groups under a two-component mixture
normal distribution, and considering the Type | error probability and statistical power criteria across various
simulated situations.

Methodology: Data for the three groups were generated from a two-component mixture normal distribution with
mixing proportions (p) were p =0.5 and p =0.8. The mean for all three groups was set to 8.8 with initial
variances specified at 5, 10, and 20. Equal sample sizes were assigned to every group as (10,10,10),
(20,20,20), (40,40,40), (60,60,60), (80,80,80), and (100,100,100). The variance ratios were set at 1:1:1, 1:1:2,
1:1:4 and 1:2:4. To consider the ability to control Type | error, Bradley’s liberal criterion was used at a

significance level of 0.05. A test considered capable of controlling type | error must have an estimated type |
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error probability within the range of [0.025, 0.075]. In considering statistical power, only tests that passed
Bradley’s criterion were considered; an efficient test must have an estimated statistical power of not less than
0.80, and the method with the highest value is considered the most efficient.

Main Results: The study demonstrates that the efficiency of all six testing methods differs depending on the
mixing proportion and sample size. When considering the ability to control type | error: in the case where
p =0.8, the Median-based Levene’s test, Non-parametric Levene’s test, O’Brien’s test, and Fligner-Killeen test
were robust, being able to control Type | error across all sample sizes, while Bartlett's test required a sample
size of 60 or more to maintain control. The Mean-based Levene’s test could not control the error in any situation.
In the case where p =0.5, the Median-based Levene’s test, Non-parametric Levene’s test, and O’'Brien’s test
could control Type | error across all sample sizes. The Mean-based Levene’s test began to maintain control
when n 220 . However, Bartlett’s test and the Fligner-Killeen test could not control the error under this mixing
proportion. In considering the estimated statistical power, only tests that could control Type | error were
examined. It was found that the estimated statistical power increases according to sample size and the
difference in variances. At p = 0.8 : All four methods capable of controlling Type | error required a sample size
of 260 forthe 1:1:2 ratio and n = 20 for the 1:1:4 ratio to achieve statistical power higher than 0.8. Bartlett’s
test provided the highest statistical power in conditions where it could control Type | error. At p =0.5, O’'Brien’s
test was the most prominent, providing statistical power higher than 0.8 when n260 ata 1:1:2 ratio and
n220 ata1:1:4 ratio, which outperformed all forms of Levene’s test.

Conclusions : The results of this study: 1. Bartlett's Test: Although highly efficient in some conditions (p = 0.8
and large sample size), it cannot control Type | error when the data have a mixture distribution with equal mixing
proportions, making it a high risk for application with complex data. 2. Mean-based Levene’s Test: Highly
sensitive to mixing proportions and only applicable when the mixture distribution is balanced and the sample
size is moderate or larger. 3. Fligner-Killeen Test: Performs well only in cases where the mixing proportion
p=0.8. 4. O'Brien’s Test: This method is identified as the most suitable and efficient overall. It not only
successfully controlled the Type | error under all studied conditions but also provided the highest statistical
power in nearly every scenario, particularly with small to moderate sample sizes.

Keywords: Homogeneity of variance tests; Mixture normal distribution; Type | error; Power of the test
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5. srAUMRIRNATYIANNINAGRLINAL O =0.05

6. NI luAaza01UN1Td 10,000 A5

Table 1 Parameters of mixture normal distribution when p =0.8

Group 1 Group 2 Group 3
Distribution Variance Ratio | I I [l | Il
0[:0,:0, | .0, | w0 | @0 | w0 | @0 | .0
MN1 1:1:1 8,2.44 12,2.44 8,2.44 12,2.44 8,2.44 12,2.44
MN2 1:1:2 8,2.44 12,2.44 8,2.44 12,2.44 8,7.44 12,7.44
MN3 1:1:4 8,244 12,2.44 8,2.44 12,2.44 8,17.44 | 12,17.44
MN4 1:2:4 8,244 12,2.44 8,7.44 12,7.44 8,17.44 | 12,17.44
Table 2 Parameters of mixture normal distribution when p =0.5
Group 1 Group 2 Group 3
Distribution | Variance Ratio | Il | Il I Il
o;:0,:0 | w00 | w0 | w0 | w0 | o | u, o
MN1 1:1:1 8,1 12, 1 8,1 12,1 8,1 12,1
MN2 1:1:2 8,1 12,1 8,1 12,1 8,6 12,6
MN3 1:1:4 8,1 12,1 8,1 12,1 8,16 12,16
MN4 1.2:4 8,1 12,1 8,6 12,6 8,16 12,16
Tumeunsdnm

TunnsAnEkasilFausul 28501 na29n1INAge L AN WINT R AN L TR R s TN
1 dl 1 1 = a 6 £ L a
3 naw NlszrnswsaznguinIsuanuatlsnALLLNaN 2 avAlszneau Tneldnisanaeaneunnisla (Monte Carlo
\ , o o &
simulation) NUWMDUAIU
1. afedayaninisuanuaslsnfuuunanfiiawnadeetnauasnnlnasaunniiuualy Table 1 uay
Table 2 41191 3 NgH

° v dl % 1 o v a
2. ‘LA’]”]J@?;I‘@VIVLW\I’W]@ﬁﬂllﬂ'ﬂllm’]ﬂu“ﬂﬂﬂﬂ']’mLLﬂﬁ‘ﬂﬁ"]Hﬂ')ﬂﬂWi‘Wﬂ@@‘UﬂQ 6 TUM

3. vndrde 1 uay 2 4149w 10,000 A HLAWIUATIIBINNTUASANN AT U
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Table 3 Empirical probability of type | error, p =0.8

Sample size Tests
B L-mean L-med L-non OB FK
(10,10,10) 0.1389 0.1613 0.0519* 0.0488* 0.0692* 0.0532*
(20,20,20) 0.0973 0.1625 0.0528* 0.0519* 0.0696* 0.0544*
(40,40,40) 0.0767 0.1547 0.0526* 0.0484* 0.0603* 0.0584*
(60,60,60) 0.0710* 0.1576 0.0501* 0.0493* 0.0562* 0.0555*
(80,80,80) 0.0677* 0.1515 0.0477* 0.0483* 0.0518* 0.0529*
(100,100,100) 0.0634* 0.1506 0.0473* 0.0548* 0.0513* 0.0552*

*Q falls between [0.025, 0.075].

Table 4 Empirical probability of type | error, p =0.5

Sample size Tests
B L-mean L-med L-non OB FK
(10,10,10) 0.0074 0.0767 0.0270* 0.0511* 0.0359* 0.0195
(20,20,20) 0.0006 0.0642* 0.0260* 0.0469* 0.0389* 0.0137
(40,40,40) 0.0005 0.0651* 0.0250* 0.0535* 0.0475* 0.0185
(60,60,60) 0.0001 0.0529* 0.0258* 0.0456* 0.0448* 0.0197
(80,80,80) 0.0002 0.0551* 0.0271* 0.0504* 0.0460* 0.0237
(100,100,100) 0.0002 0.0575* 0.0278* 0.0527* 0.0486* 0.0248

* (X falls between [0.025, 0.075].

21N Table 5 aziiulaqdie p=0.8 wazdndauANNLlIUTIUANTL 1:1:2 N1IMAGe LA UNRIAN
AU NInAgeLIauLLL lBesTines nsaaeL O'Brien uazn1magaw Fligner-Killeen Hptlszann
AMA9INNINAFELNINNTGT 0.8 Wasasinailaus (60,60,60) Tulll daulednandaunansudstsauwindy 1:1:4 g

a XA o o \ A o s & A o )

nagey 4 1inll HANUszunaun1aIn1InAgeLNINngn 0.8 Wafdatinalauia (20,20,20) 1ull wazilednsdan
ANLLUTIUINAY 1:2:4 nnsnegdeu 4 1liall HANUssunminiaan1mageLNinngn 0.8 iWafqetelaunn
(40,40,40) Al F1915UNNIMARDULNFAARMFNANUITHUNIAIN1INARBLNINNTN 0.8 NAUAF98ENT (60,60,60)
ult] uasinndnadaunnuulstlaou

Q1N Table 6 1a p=0.5 warenINdauANNLUIUIWANAL 1:1:2 N19IAgaL O'Brien HAUTEND
o o . 4 e e & o o . e
ANAINIIMARALFINTIN 0.8 LaIWAFIaENaWINiL (60,60,60) Tull daun1snaaeuaduiasnALeatLAE B
mmmﬁﬁﬂgmﬁm'wﬂizmmﬁwﬁqmimmmpnd’] 0.8 1 HeIUIAFIBENAWINAL (100,100,100) WHBFRINEIUAIIN
w3139y 1:1:4 N1sMAAeL O'Brien HANUsTNNIUAIAINIINAARUEINGN 0.8 LlaTUIAGI8E WY

X , N Aa ) P Aa | e L °o o ]
(20,20,20) °1|°L<LVL']J @quﬂq?WﬂmﬂuLﬂquﬂ@quNﬂqL’?}@ﬂLL@%‘V]@\Tm']llV’nllﬁilﬁ’]ullV’nﬂﬁ‘zﬂ’]mﬂq@\‘]ﬂqﬁ‘wm@ﬂu@jﬂﬂﬁq

0.8 LWHAIUIARIBENUNNAY (40,40,40) Tl waznrsnageuaduL UL HAINIs HIme TR AN Us N1 A1 a9nns
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NARDLEINGN 0.8 larunAfesinayinAy (60,60,60) '%uiﬂ LaziiiesnIdaunanuuletauyingy 1:2:4 nns
naaawL O'Brien mi‘wmmuL@’iuﬁﬁmmmLa?ﬁ'ﬁLmzﬁ@qmmm;fﬁﬂﬂmﬁmﬂizmmﬁﬂzﬁ"\imﬁémmu@;\m'jﬁ 0.8
ilerunAfetawinAL (40,40,40) ‘%ﬂﬂ waznaneasLaauuuL B imesi Al szanaiindinmaseuge
91 0.8 erunafetawinf (60,60,60) Tull
u@nmnffu@uﬁuﬁdﬂﬂ"]ﬂa‘xmmﬁfla"\amﬁnmm@mm‘vmmiwm@uﬁﬁh@qﬁwﬁaﬁq@ﬂwﬁmmmiﬁmﬁu

BAZANIIAIUAINLLFUTIUT AN NLANFA LN

Table 5 Empirical power of the test when p=0.8

Variance ratio Sample size Tests
B L-mean L-med L-non OB FK

1:1:2 (10,10,10) - - 0.1810 0.2004 0.1715 0.1768
(20,20,20) - - 0.4089 0.3908 0.4136 0.3970

(40,40,40) - - 0.7533 0.7061 0.7753 0.7522

(60,60,60) 0.9407* - 0.9214* 0.8751* 0.9351* 0.9223*

(80,80,80) 0.9828* - 0.9767* 0.9510* 0.9814* 0.9767*

(100,100,100) 0.9953* - 0.9944* 0.9833* 0.9951* 0.9950*

1:1:4 (10,10,10) - - 0.5150 0.4304 0.4916 0.4663
(20,20,20) - - 0.9034* 0.8752* 0.9131* 0.8738*

(40,40,40) - - 0.9986* 0.9758* 0.9990* 0.9970*

(60,60,60) 1.0000* - 1.0000* 0.9978* 1.0000* 1.0000*

(80,80,80) 1.0000* - 1.0000* 0.9999* 1.0000* 1.0000*

(100,100,100) 1.0000* - 1.0000* 1.0000* 1.0000* 1.0000*

1:2:4 (10,10,10) - - 0.3409 0.3465 0.2868 0.3267
(20,20,20) - - 0.7669 0.6910 0.7222 0.7400

(40,40,40) - - 0.9890* 0.9584* 0.9878* 0.9849*

(60,60,60) 1.0000* - 0.9997* 0.9958* 0.9996* 0.9995*

(80,80,80) 1.0000* - 1.0000* 0.9998* 1.0000* 1.0000*

(100,100,100) 1.0000* - 1.0000* 1.0000* 1.0000* 1.0000*

*1 —ﬂ is greater than 0.8.

“-* The test cannot control type | error.

Discussion

= PRy , oA , o = AN v ' o P
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ANTEAN WAL INFLLUNANARFA R UIBINITHAN WAN AN A UATHAN B NN AN LA ALANAaTY Tasiaiansaun
ANz UANLENALTNIBIANRANA ALLILT 1 %Lﬁuvlﬁdﬁmiwmmfam@ﬁuﬁ%mwmﬁﬁﬂﬁm NI1INAFaL
wannuuBannaimes wazn1amagay O'Brien AMu190AMNANANNEANAIALULTA 1 Tilunnnedl Wesann
nMsMARe LA LR ANUN AR ANHuTNITUANUAYA NN Az ITUTIeId By A TeaaAAREITLNANIIAN T8
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Table 6 Empirical power of the test when p =0.5

Variance ratio Sample size Tests
B L-mean L-med L-non OB FK
1:1:2 (10,10,10) - - 0.0728 0.0833 0.1250 -
(20,20,20) - 0.2416 0.1643 0.1120 0.3611 -
(40,40,40) - 0.4344 0.3708 0.1701 0.7487 -
(60,60,60) - 0.6157 0.5710 0.2373 0.9157* -
(80,80,80) - 0.7385 0.7074 0.2866 0.9759* -
(100,100,100) - 0.8268* 0.8068* 0.3364 0.9933* -
1:1:4 (10,10,10) - - 0.2991 0.2266 0.3966 -
(20,20,20) - 0.7841 0.7084 0.4388 0.8684* -
(40,40,40) - 0.9764* 0.9685* 0.7350 0.9972* -
(60,60,60) - 0.9988* 0.9980* 0.8816* 0.9999* -
(80,80,80) - 0.9998* 0.9998* 0.9546* 1.0000* -
(100,100,100) - 1.0000* 1.0000* 0.9813* 1.0000* -
1:2:4 (10,10,10) - - 0.1924 0.1831 0.2293 -
(20,20,20) - 0.5916 0.5036 0.3396 0.6386 -
(40,40,40) - 0.9097* 0.8910* 0.6302 0.9750* -
(60,60,60) - 0.9861* 0.9827* 0.8196* 0.9992* -
(80,80,80) - 0.9984* 0.9983* 0.9143* 1.0000* -
(100,100,100) - 0.9999* 0.9998* 0.9633* 1.0000* -

*1 —ﬂ is greater than 0.8.

“-* The test cannot control type | error.
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Table 7 The tests performance when p =0.8

Sample size Variance ratio
01:01:02 01:01:04 01:02:04
(10,10,10) - - ;
(20,20,20) - L-med, L-non, OB*, FK -
(40,40,40) - L-med, L-non, OB*, FK L-med*, L-non, OB, FK
(60,60,60) B*, L-med, L-non, B*, L-med*, L-non, OB*, B*, L-med, L-non, OB, FK
(80,80,80) B*, L-med, L-non, B*, L-med*, L-non, OB*, B*, L-med*, L-non, OB*,
(100,100,100) B*, L-med, L-non, B*, L-med*, L-non*, OB*, B*, L-med*, L-non*, OB*,

* Test has the greatest estimate of power of the test.

“-*In cases where no test proves effective.

Table 8 The tests performance when p =0.5

Sample size Variance ratio
1:1:2 1:1:4 1:2:4
10,10,10 - - -
20,20,20 - OoB* -
40,40,40 - L-mean, L-med, OB* L-mean, L-med, OB*
60,60,60 OB~ L-mean, L-med, L-non, OB* L-mean, L-med, L-non, OB*
80,80,80 OB~ L-mean, L-med, L-non, OB* L-mean, L-med, L-non, OB*
100,100,100 L-mean, L-med, OB* | L-mean*, L-med*, L-non, OB* L-mean, L-med, L-non, OB*

* Test has the greatest estimate of power of the test.

“-*“In cases where no test proves effective.

Conclusions

Tun1sANELUs=ANEAINTBININAZELAMNYINAULRIANNULITUTIU 6 THA AB NITNARBLLNFALARG
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7 1 uazAszannuindanmagey dedeyaia 3 nax Ansuanuassnfuuunan 2 asdlsenay fifldndaunis

a
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